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DIFFEOMORPHISMS WITH LIAO-PESIN SET1
WENXIANG SUN AND XUETING TIAN2
Abstract. In this paper we mainly deal with an invariant (ergodic) hyper-
bolic measure µ for a diffeomorphism f, assuming that f is just C1 and for
µ a.e. x, the sum of Oseledec spaces corresponding to negative Lyapunov ex-
ponents (quasi-limit-)dominates the sum of Oseledec spaces corresponding to
positive Lyapunov exponents at x. We generalize a certain of results of Pesin
theory from C1+α to the C1 system (f, µ), including a sufficient condition
for existence of horseshoe, Livshitz theorem, exponential growth of periodic
points and entropy, distribution of periodic points, periodic measures, horse-
shoes, nonuniform specification and lower semi-continuity of entropy function
etc. These results give us more information on ergodic theory of C1 non-
uniformly hyperbolic systems. In particular, they are applied for C1 partially
hyperbolic systems whose central bundle displays some non-uniform hyperbol-
icity, including some robust systems. Moreover, for some C1 partially hyper-
bolic (not necessarily volume-preserving) systems, we get some information of
Lebesgue measure on “Average-nonuniform hyperbolicity” and “volume-non-
expanding”.
In this process a constructed machinery is developed for C1 (not necessarily
C1+α) diffeomorphisms: a new filtration of Pesin blocks is established topo-
logically (independent on measures) such that every block has stable manifold
theorem and simultaneously has exponential shadowing lemma. The new fil-
tration construction, different with classical construction of C1+α Pesin blocks
in [54, 34], is mainly inspired from Liao’s quasi-hyperbolicity and so here we
call new blocks by Liao-Pesin blocks and call the new established C1 Pesin
theory by C1 Liao-Pesin Theory. Liao-Pesin set not only exists for hyperbolic
invariant measures, but also exists for general probability measures. For ex-
ample, Liao-Pesin set has full measure for Lebesgue measure (not assuming
invariant) in some partially hyperbolic systems.
1This version puts arXiv:1004.0486 & arXiv:1011.6011 (year 2010) together and updates some
other new observation.
2Tian is the corresponding author.
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1. Introduction
The study of hyperbolic dynamics began with the study of uniformly hyper-
bolic dynamical systems. This study was tremendously useful in the development
of technical tools and insights, and in the shaping of a body of concepts suitable
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for the description and study of complicated dynamics. Its development of the
so-called nonuniform hyperbolicity theory by Pesin, Katok and others was an im-
portant breakthrough, see [34, 7, 54] etc. The theory of nonuniformly hyperbolic
dynamical systems, which was also known as Pesin Theory (or dynamical systems
with nonuniformly hyperbolic behaviour), builded on the notions and paradigms
from the theory of uniformly hyperbolic dynamical systems. Recently there are
some generalization for Hilbert spaces, see [39, 40] etc.
Nonuniform hyperbolicity allows the asymptotic expansion and contraction rates
to depend on the point in a way that does not admit uniform bounds, which pro-
vides a generalization that is broad enough to include a wide range of applications.
However, unlike the uniform hyperbolicity theory, one important requirement is
that the nonuniform hyperbolicity theory assumes not only the differentiability of
the given dynamics being of class C1 but also the first derivative satisfying an α-
Ho¨lder condition for some α > 0. Thus there appears to be a gap between these
two theories. A natural question arises:
Whether C1+α nonuniform hyperbolicity theory can be established
only under the C1 differentiability hypothesis?
The general answer to this problem is negative. Pugh pointed out in [55] that the
α-Ho¨lder condition for the first derivative is necessary in the Pesin’s stable manifold
theorem and thus the C1 setting is very different from the setting of C1+α. However,
it is still interesting to investigate C1 nonuniformly hyperbolic systems plus some
assumptions, for example, domination condition. There are some advance in recent
days. One such kind result, generalized from C1+α to C1 case with dominated
splitting, is Pesin’s entropy formula which is an formula in Pesin theory that the
entropy of a measure that is invariant under a dynamical system is given by the
total asymptotic expansion rate present in the dynamical system [62, 19]. Another
is an analog of the Pesin’s stable manifold theorem in C1 nonuniformly hyperbolic
systems with dominated Oseledec splitting [1]. Even for uniformly hyperbolic case,
C1 and C1+α are different. For example, it is known that C1+α volume-preserving
Anosov diffemorphism is ergodic but it is still unknown whether it is true just
assuming C1.
In present paper, we reobtain Katok’s closing lemma [34] under the hypothesis
of C1 nonuniformly hyperbolic systems with limit-dominated splitting (Definition
2.7), which is weaker than the usual domination from topological viewpoint. More-
over, we also rebuild a exponential shadowing lemma which can be as a weaker
version of Katok’s shadowing [54]. However, exponential shadowing is still enough
to generalize lots of classical results in Pesin theory from C1+α Pesin theory to
the C1 setting with (limit) domination, including classical results (e.g. [34, 7]) and
recent ones (e.g. [31, 42, 65, 6, 51, 43]). These results give us more information on
ergodic theory of C1 non-uniformly hyperbolic systems. These results include:
(1) existence and density of periodic points, existence of horseshoe, density of
periodic measures, nonuniform specification;
(2) Livshitz Theorem;
(3) average-nonuniform hyperbolicity of Lebesgue measure etc.
In particular, a certain of results are applied for C1 partially hyperbolic systems
whose central bundle displays some non-uniform hyperbolicity, including some ro-
bust systems. Moreover, for some C1 partially hyperbolic (not necessarily volume-
preserving) systems, we get some information of Lebesgue measure on hyperbolicity.
In particular, we obtain hyperbolic SRB-like measures in some partially hyperbolic
systems.
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In this process a constructed machinery is developed for C1 (not necessarily
C1+α) diffeomorphisms: a new filtration of Pesin blocks is established topologically
(independent on measures) such that every block has stable manifold theorem and
simultaneously has exponential shadowing lemma. The new filtration construction,
different with classical construction of C1+α Pesin blocks in [54, 34], is mainly
inspired from Liao’s quasi-hyperbolicity and so here we call new blocks by Liao-Pesin
blocks and call the new established C1 Pesin theory by C1 Liao-Pesin Theory.
Recall that for the partially hyperbolic (not uniformly hyperbolic) systems in-
troduced in [25], Leplaideur et al proved in [38] for the central direction, all ergodic
invariant measures only have negative exponents, with the exception of a Dirac
measure supported on a saddle with positive exponent. Moreover, the examples
in [25] and Example 9.12 below tell us that even though every ergodic measure
is hyperbolic with a dominated Oseledec hyperbolic splitting, the system is not
necessary to be uniformly hyperbolic. This implies that our assumption in present
paper is a very weak version of non-uniform hyperbolicity, since we just assume one
measure to be hyperbolic with (quasi-limit-)dominated splitting.
2. Preliminaries
LetM be a compact smooth Riemannian manifold and let d denote the distance
induced by the Riemannian metric. Denote the tangent bundle of M by TM . For
r ≥ 1, denote by Diffr(M) the space of Cr diffeomorphisms of M. Let m be a
Lebesgue measure and denote the set of all Cr volume-preserving diffeomorphisms
by Diffrm(M), r ≥ 1.
LetM(M) be the set of all probability measures supported onM. Given a subset
∆ ⊆ M, let ∆ denotes the closure of ∆. Let Mf (∆),Me(∆),Mp(∆) denote the
space of invariant measures, ergodic measures, periodic measures with full measure
on ∆. Here a measure µ is called periodic, if there is a periodic point z with period
p such that µ = 1p
∑p−1
i=0 δfi(z), where δx denotes the Dirac measure at x. Denote
by Per(f) and Perh(f) the set of all periodic points and the subset of hyperbolic
ones, respectively. Let Pn(f) denote the set of all periodic points with period n.
For any µ ∈ Mf(M), let supp(µ) denote the support of µ, the minimal compact
set ∆ ⊆ M such that µ(∆) = 1. We denote by Vf (ν) the set of accumulation
measures of time averages EN (ν) = 1N
∑N−1
j=0 f
j
∗ν. Then Vf (ν) is a nonempty, closed
and connected subset ofMf (M). And we denote by Vf (x) the set of accumulation
measures of time averages
EN (x) = 1
N
N−1∑
j=0
δfjx.
2.1. Uniform Hyperbolicity, Dominated splitting and Partial Hyperbol-
icity. Denote the minimal norm of an invertible linear map A bym(A) = ‖A−1‖−1.
Let Ω(f) denote the non-wandering set of f . Let ∆ ⊆ M be an f -invariant set.
Let E ⊆ T∆M be a Df -invariant bundle. We say that E is uniformly contracting,
if there exist C > 0 and 0 < λ < 1 such that
‖Dfn|E(x)‖ ≤ Cλn, ∀x ∈M, n ≥ 1.
In parallel, we say that E is uniformly expanding, if there exist C > 0 and 0 < λ < 1
such that
‖Df−n|E(x)‖ ≤ Cλn, ∀x ∈M, n ≥ 1.
We say that ∆ to be a hyperbolic set, if there is a Df−invariant splitting
T∆M = E
s ⊕ Eu on ∆ such that Es is is uniformly contracting and Eu is uni-
formly expanding. Here the splitting T∆M = E
s⊕Eu is called hyperbolic splitting.
If ∆ =M is hyperbolic, then the system f is called Anosov. If the non-wandering
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set Ω(f) is hyperbolic and the periodic points is dense in Ω(f), then f is called
Axiom A. Recall that a horseshoe for a diffeomorphism f is a transitive, locally
maximal (or called isolated) hyperbolic set Λ, that is totally disconnected and not
finite (such a set must be perfect, hence a Cantor set).
It is known that a hyperbolic splitting T∆M = E
s ⊕ Eu is always unique, con-
tinuous and can be extended on the closure of ∆ and even its neighborhood.
We recall the notion of dominated splitting.
Definition 2.1. A Df−invariant splitting T∆M = E ⊕F is called to be dominated
on ∆, if there exists C > 0, 0 < λ < 1 such that
‖Dfn|E(x)‖
m(Dfn|F (x))
≤ Cλn, ∀ n ≥ 1, x ∈ ∆.(1)
We write E ≺ F .
This definition may be formulated, equivalently, as follows: there exists S ∈ Z+
and λ¯ ∈ (0, 1) such that
‖Dfn|E(x)‖
m(Dfn|F (x))
≤ λ¯n, ∀ x ∈ ∆, ∀ n ≥ S.(2)
Another equivalent statement of dominated splitting is that: there exists L ∈ Z+
and λ¯ ∈ (0, 1) such that
‖DfL|E(x)‖
m(DfL|F (x)) ≤ λ¯
L, ∀ x ∈ ∆.(3)
Remark that Gourmelon ( [28]) proved that there always exists an adapted metric
for which C = 1 in (1). For this adapted metric, we have S = 1 in (2) and L = 1
in (3).
Remark that for any hyperbolic set ∆ ⊆ M , the hyperbolic splitting T∆M =
Es ⊕ Eu is always dominated.
It is known that dominated splitting is always continuous and can be extended
to its closure. Moreover, such a splitting can be extended in a dominated way to
the maximal invariant set in a neighborhood of ∆ (for example, see [12, Appendix
B.1 , P.287-P.290]). For convenience, we introduce a concept called dominated-ǫ-
neighborhood. We say that ∆ has a dominated-ǫ-neighborhood, if there is ǫ > 0
such that the dominated splitting is extended and dominated on Γ := ∩n∈Zfn(U)
where U = B(∆, ǫ) is the ǫ−neighborhood of ∆.
Recall that partial hyperbolicity usually means that there exists a splitting in
three subbundles such that one (which is called the unstable bundle) is uniformly
expanding, one (which is called the stable bundle) is uniformly contracting and the
other one (which is called the center bundle) may have no hyperbolicity but is dom-
inated by the unstable bundle and dominates the stable one. Here we adopt a more
general notion of partial hyperbolicity, by using a splitting into two subbundles:
Definition 2.2. (Partial hyperbolicity) We call a dominated splitting T∆M =
E ⊕ F to be partially hyperbolic, if E is uniformly contracting or F is uniformly
expanding. Here ∆ is called a partially hyperbolic set. In particular, if ∆ =M, we
say f to be partially hyperbolic.
Let Ar(M), PHr(M) and Dr(M) denote the spaces of all Cr Anosov diffeomor-
phisms, partially hyperbolic diffeomorphisms and diffeomorphisms with (global)
dominated splitting respectively where r ≥ 1. Note that Ar(M) ⊆ PHr(M) ⊆
Dr(M).
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Recall that a Df invariant subbundle G ⊂ TM is called to be quasi-conformal,
if for any ǫ > 0, there exists Cǫ > 0 such that for any x ∈M and n ≥ 1,
C−1ǫ e
−nǫ ≤ ‖Df
n|G(x)‖
m(Dfn|G(x)) ≤ Cǫe
nǫ.
The left inequality is trivial if take Cǫ ≥ 1, since ‖Df
n|G(x)‖
m(Dfn|G(x)) ≥ 1. In particular,
quasi-conformal condition implies that for any x ∈M,
lim sup
n→+∞
1
n
log ‖Df±n|G(x)‖ = lim sup
n→+∞
1
n
logm(Df±n|G(x)),
lim inf
n→+∞
1
n
log ‖Df±n|G(x)‖ = lim inf
n→+∞
1
n
logm(Df±n|G(x)).
It is obvious that every one dimensional Df invariant subbundle G ⊂ TM is quasi-
conformal.
It is known that for any hyperbolic set Λ,
htop(f |Λ) ≥ lim sup
n→∞
1
n
log#Pn(f) ∩ Λ.(4)
It is not difficult to prove because f |Λ is expansive and #Pn(f) ∩Λ is a particular
separated set. In general for any hyperbolic set Λ,
htop(f |Λ) ≤ lim sup
n→∞
1
n
log#Pn(f).
Moreover, for any horseshoe Λ (or general isolated hyperbolic set, for example see
[14]),
htop(f |Λ) = lim sup
n→∞
1
n
log#Pn(f) ∩ Λ.
From uniform hyperbolicity, there is some C0 > 0, ζ0 ∈ (0, 1) such that for any
C > C0, ζ ∈ (0, ζ0) such that for all n ≥ 1, Pn(f) = Pn(f, ζ, C), where
Pn(f, ζ, C) := {x ∈M | fnx = x and for any l ≥ 1, j = 0, 1, 2, · · · , n− 1,
max{‖Df l|E(fjx)‖, ‖Df−l|F (fjx)‖} ≤ Cζl},
E, F denote the stable bundles and the unstable bundles, respectively. So for any
horseshoe Λ (or general isolated hyperbolic set), there is some C0 > 0, ζ0 ∈ (0, 1)
such that for any C > C0, ζ ∈ (0, ζ0) such that
htop(f |Λ) = lim sup
n→∞
1
n
log#Pn(f, ζ, C) ∩ Λ.(5)
2.2. Oseledec Theorem, Hyperbolic Measures. Let f ∈ Diff1(M) and µ ∈
Mf (M). By the Oseledec Multiplicative Ergodic Theorem [52], there is a Borel set
L(µ) satisfying fL(µ) = L(µ) and µ(L(µ)) = 1, called Oseledec basin of µ, such
that for every x ∈ L(µ), there exist
(a) real numbers, called Lyapunov exponents,
(6) λ1(x) < λ2(x) < · · · < λW (x)(x) (W (x) ≤ dim(M))
(b) positive integers m1(x), · · ·, mW (x)(x), satisfying m1(x)+ · · ·+mW (x)(x) =
dim(M);
(c) a measurable splitting TxM = E
1
x ⊕ · · · ⊕ EW (x)x with dimEix = mi(x) and
Df(Eix) = E
i
f(x), such that
lim
n→±∞
log ‖Dfnv‖
n
= λi(x),
with uniform convergence on {v ∈ Eix | ‖v‖ = 1}, i = 1, 2, · · · , W (x).
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For convenience, we say every point x ∈ L(µ) to be Lyapunov-regular. For
x ∈ L(µ), let Es(x) (called stable bundle) denote the bundle composed by the
Oseledec bundles whose Lyapunov exponents are negative, let Eu(x) (called unsta-
ble bundle) denote the bundle composed by the Oseledec bundles whose Lyapunov
exponents are positive and respectively, E0(x) (called quasi-identity bundle) de-
note the bundle composed by the Oseledec bundles whose Lyapunov exponents are
zero. In general dim(Es(x)) is called the index of x. In particular, if µ is ergodic,
λi(x),mi(x), W (x), dim(E
s(x)) are constants for µ a.e. x. Define the integrable
Lyapunov exponents of µ as
λi(µ) =
∫
λi(x)dµ.
If µ is ergodic, µ a.e. x, λi(x) = λi(µ). In other words, for ergodic µ, its Lyapunov
exponents are same as its integrable Lyapunov exponents.
Now we recall the notion of hyperbolic invariant measure. Let µ ∈Mf (M).
Definition 2.3. We call µ to be hyperbolic (with a fixed index), if there exists
an invariant set ∆ ⊆ L(µ) with µ(∆) = 1 and two positive integers n1, n2 with
n1 + n2 = dim(M) such that for any x ∈ ∆,
(1) none of the Lyapunov exponents of x are zero (i.e., dim(E0(x)) = 0);
(2) there exist Lyapunov exponents of x with different signs (i.e., dim(Es(x)) ·
dim(Eu(x)) 6= 0);
(3) dim(Es(x)) = n1 (called index of µ, denoted by ind(µ)) and dim(E
u(x)) =
n2.
Denote the space of hyperbolic invariant measures supported a set ∆ byMhf (∆).
For any µ ∈Mhf (∆), we call Es ⊕Eu to be Oseledec’s hyperbolic splitting (simply,
hyperbolic splitting). Recall that the original hyperbolic measure just requires the
conditions (1) and (2) but in present paper for convenience of statements, we further
require fixed index. If considering the original hyperbolic measure, one can write it
by a finite convex sum of at most dim(M) different hyperbolic measures with fixed
index. More precisely, let
∆i = {x ∈ ∆| dim(Es(x)) = i}, and Γ = {i| 1 ≤ i ≤ dim(M), µ(∆i) > 0}.
For i ∈ Γ, define µi = µ|∆i , then
µ =
∑
i∈Γ
µ(∆i)µi.
We say a µ ∈Mf (M) to be uniformly hyperbolic, if supp(µ) is a hyperbolic set.
Denote the space of uniformly hyperbolic invariant measures by Muhf (M). Denote
the set of all hyperbolic periodic measures by Mhp(M). It is obvious that
Mhp(M) ⊆Muhf (M) ⊆Mhf(M).
We say a measure µ is nonatomic (in [36], it is also called continuous measure), if for
any point x ∈M , µ({x}) = 0. Denote byMnf (M) the set of all nonatomic invariant
measures. LetM+f (M) denote the set of all invariant measures with positive metric
entropy. Remark thatM+f (M)∩Me(M) ⊆Me(M)\Mp(M) =Mnf (M)∩Me(M).
Remark that for any hyperbolic set ∆ ⊆M and any µ ∈Mf (∆), µ is uniformly
hyperbolic, its all Lyapunov exponents are far from zero and its Oseledec hyperbolic
splitting coincides with the corresponding hyperbolic splitting T∆M = E
s ⊕ Eu.
In other words, for a hyperbolic set ∆ ⊆M , we have
Mf(∆) =Mhf (∆) =Muhf (∆).
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2.3. Dominated Splitting & Limit-dominated Splitting. Let x ∈ M and
TOrb(x)M = E ⊕ F be a Df−invariant splitting on the orbit of x, denoted by
Orb(x). We introduce dominated splitting at one point (or one orbit).
Definition 2.4. We call TOrb(x)M = E ⊕ F to be dominated at x, if TOrb(x)M =
E ⊕ F is dominated on the set ∆ = Orb(x).
Note that dominated splitting at different orbits admit different S and λ. So we
can introduce a following weaker notion to generalize original dominated splitting.
Let ∆ be an f−invariant set and T∆M = E⊕F be a Df−invariant splitting on ∆.
Definition 2.5. T∆M = E ⊕ F is called to be quasi-dominated on ∆, if for any
x ∈ ∆, TOrb(x)M = E ⊕ F is dominated at x.
In the study to find dominated splitting, quasi-dominated splitting may be one
medium step. For example, recall a result of [9] that for a C1 generic volume
preserving diffeomorphism and Lebegue a.e. x, its Oseledec splittings is either
trivial (i.e., all Lyapunov exponents are zero) or dominated at x (i.e., the sum
of two subbundles Eix ⊕ Ei+1x in Oseledec splitting is dominated for all i). On
the other hand, this splitting is dependent on a measure. So we also introduce
dominated splitting and quasi-dominated splitting with respect to a measure. Let
µ ∈M(M) and let ∆ be an f−invariant set with µ(∆) = 1. Let T∆M = E ⊕F be
a Df−invariant splitting on ∆.
Definition 2.6. We say that T∆M = E⊕F is a µ−dominated splitting (or µ−quasi-
dominated splitting), if there is an f−invariant set ∆′ ⊆ ∆ with µ(∆′) = 1 such
that T∆′M = E ⊕ F is dominated (or quasi-dominated) on ∆′.
In particular, if µ ∈ Mhf (M), we say that the Oseledec’s hyperbolic splitting of µ
is µ−dominated (or µ−quasi-dominated), if there is an f−invariant set ∆′ ⊆ L(µ)
with µ(∆′) = 1 such that T∆′M = Es ⊕ Eu is dominated (or quasi-dominated) on
∆′.
Since dominated splitting can be extended to the closure, then there is a µ−dominated
splitting on a set with full measure⇔ there is a µ−dominated splitting on supp(µ).
However, it is unknown for the case of quasi-dominated splitting, except that µ is
ergodic, see section 9.
Now we start to introduce another similar notion as domination, called limit
domination. Let ∆ be an f−invariant set and T∆M = E ⊕ F be a Df−invariant
splitting on ∆.
Definition 2.7. T∆M = E⊕F is limit-dominated, if there exists S ∈ Z+, λ ∈ (0, 1)
such that
lim sup
l→+∞
‖DfS |E(f lS(x))‖
m(DfS|F (f lS(x)))
≤ λS , ∀x ∈ ∆.
We write E ≺l F .
Since ∆ is f−invariant, one has
lim sup
l→+∞
‖DfS |E(f lS(x))‖
m(DfS|F (f lS(x)))
≤ λS , ∀x ∈ ∆
⇔ lim sup
l→+∞
‖DfS|E(f l(x))‖
m(DfS |F (f l(x)))
≤ λS , ∀x ∈ ∆.
(7)
In another equivalent way, there is some S ≥ 1 and ζ > 0 in the sense that
lim sup
l→+∞
1
S
log
‖DfS |E(f l(x))‖
m(DfS |F (f l(x)))
≤ −2ζ, ∀x ∈ ∆.
In parallel, we introduce limit-domination for one point (or orbit).
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Definition 2.8. We say that aDf−invariant splitting TOrb(x)M = E⊕F to be limit-
dominated at x, if TOrb(x)M = E ⊕ F is limit-dominated on the set ∆ = Orb(x).
By sub-multiplication of norms, that TOrb(x)M = E ⊕ F is limit-dominated at
x is equivalent that
lim inf
S→+∞
lim sup
l→+∞
1
S
log
‖DfS |E(f l(x))‖
m(DfS|F (f l(x)))
< 0.
Moreover, let us introduce quasi-limit-domination. Let ∆ be an f−invariant set
and T∆M = E ⊕ F be a Df−invariant splitting on ∆.
Definition 2.9. T∆M = E ⊕ F is called to be quasi-limit-dominated on ∆, if for
any x ∈ ∆, the splitting TOrb(x)M = E ⊕ F is limit-dominated at x.
Now let us introduce limit-domination and quasi-limit-domination for a measure
µ ∈ M(M). Let ∆ be an f−invariant set with µ(∆) = 1 and T∆M = E ⊕ F be a
Df−invariant splitting on ∆.
Definition 2.10. We say that T∆M = E ⊕ F is a µ−limit-dominated splitting
(resp., µ−quasi-limit-dominated splitting), if there is an f−invariant set ∆′ ⊆ ∆
with µ(∆′) = 1 such that T∆′M = E ⊕ F is limit-dominated (resp., quasi-limit-
dominated) on ∆′.
In particular, if µ ∈ Mhf (M), we say that the Oseledec’s hyperbolic splitting of µ is
µ−limit-dominated (resp., µ−quasi-limit-dominated), if there is an f−invariant set
∆′ ⊆ L(µ) with µ(∆′) = 1 such that T∆′M = Es ⊕ Eu is limit-dominated (resp.,
quasi-limit-dominated) on ∆′.
For convenience, for an invariant set ∆ ⊆M, let
Mdhf (∆) := {µ ∈ Mhf (∆)| hyperbolic splitting of µ is µ− dominated}
and
Mqdhf (∆) := {µ ∈Mhf (∆)| hyperbolic splitting of µ is µ− quasi-dominated}.
Define
Mldhf (∆) := {µ ∈Mhf (∆)| hyperbolic splitting of µ is µ− limit-dominated}
and Mqldhf (∆) :=
{µ ∈Mhf (∆)| hyperbolic splitting of µ is µ− quasi-limit-dominated}.
It is easy to see that Mhf(∆) ⊇ Mqldhf (∆) ⊇ Mldhf (∆) ∪Mqdhf (∆) ⊇ Mldhf (∆) ∩
Mqdhf (∆) ⊇ Mdhf (∆) ⊇ Muhf (∆). Recall that for a hyperbolic set ∆ ⊆ M, the
hyperbolic splitting T∆M = E
s⊕Eu is always dominated, every invariant measure
µ ∈ Mf (∆) is hyperbolic, its Oseledec hyperbolic splitting corresponds to the
hyperbolic splitting and so is dominated. So for any hyperbolic set ∆ ⊆M ,
Mqldhf (∆) =Mldhf (∆) =Mqdhf (∆) =Mdhf (∆) =Muhf (∆) =Mhf (∆) =Mf(∆).
For any invariant measure µ, we say its Oseledec’s splitting is dominated (or
quasi-dominated, limit-dominated, quasi-limit-dominated), if there is an f−invariant
set ∆ ⊆ L(µ) with µ(∆) = 1 such that for all i the sum of two subbundles in Os-
eledec splitting
Eix ⊕ Ei+1x
is dominated (or quasi-dominated, limit-dominated, quasi-limit-dominated) on ∆.
It is obvious for any µ ∈Mhf (M), if its Oseledec’s splitting is dominated (or quasi-
dominated, limit-dominated, quasi-limit-dominated), then so does its Oseledec’s
hyperbolic splitting.
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Recall that for Anosov systems and Axiom A systems, they coincide on a set with
totally full measure (i.e., being equivalent in the sense of probabilistic perspective)
but they are different from geometric sense that every Anosov system carries a
global hyperbolic splitting. Similarly, we will show (quasi-)domination and (quasi-
)limit-domination are equivalent in the sense of probabilistic perspective in last
section. However, they are different from topological or dimensional viewpoint.
More precisely, by (3) (quasi-)dominated spitting always implies (quasi-)limit-
dominated splitting but the inverse is unknown. On the other hand, recall that
dominated splitting is an open condition that it can be extended to the closure,
even neighborhoods and dominated splitting is always continuous. However, in
Definition 2.7 it is unknown whether the limit-dominated splitting TxM = E(x)⊕
F (x) is continuous on ∆ and can be extended to the closure of ∆ and neighborhoods.
Limit domination only requires that E can dominate F for large enough positive
iterate of the orbit (e.g., see a simple but extreme example: Example 9.12) and it
is enough to construct a topological definition of C1 new Pesin set (independent of
measures) that carries shadowing lemma. This implies we can realize shadowing on
a new Pesin set as large as possible. Recall that irregular set (the set of points that
Birkhoff average does not converge) always has zero measure for any invariant mea-
sure but for many systems (including Axiom A systems and some non-hyperbolic
ones), it carries full topological entropy (Bowen’s dimensional definition) and so
it is important from dimensional perspective. So limit domination may admit the
new Pesin set to contain more points (for example, irregular points) which may be
useless in probabilistic perspective but may have other important information.
Furthermore, the left limit in Definition 2.7 is more convenient to connect Lya-
punov exponents of Birhorff average (Proposition 9.14). Another observation is that
a global dominated splitting is important to obtain entropy formula for SRB-like
measures but µ-dominated splitting (w.r.t a measure µ) is not enough, see [19] for
more details. So for a global limit-domination, more information from topological
viewpoint than µ-dominated splitting, we guess that maybe entropy formula still
holds for SRB-like measures (in future work for consideration). So we prefer to
introduce the concept of limit domination in present paper. More discussion will
appear in Section 9.
2.4. Average-nonuniform Hyperbolicity. We introduce a notion of degree of
average-nonuniform hyperbolicity. Let K ∈ N, ζ > 0. For a given f -invariant
subset ∆, let TxM = E(x) ⊕ F (x), x ∈ ∆ be a Df -invariant splitting.
Definition 2.11. We call ∆ an average-nonuniformly hyperbolic set with (K, ζ)-
degree corresponding to TxM = E(x) ⊕ F (x), if for ∀x ∈ ∆, one has
lim sup
l→+∞
l−1∑
j=0
log ‖DfK |E(fjK(x))‖
lK
≤ −ζ, and
lim inf
l→+∞
−1∑
j=−l
logm(DfK |F (fjK(x)))
lK
≥ ζ.
We say a probability measure µ (not necessarily invariant) to be average-nonuniformly
hyperbolic, if there is an invariant set ∆ with µ(∆) = 1, K ∈ N, ζ > 0 such that
∆ is average-nonuniformly hyperbolic with (K, ζ)-degree corresponding to some
Df -invariant splitting T∆M = E ⊕ F.
By the sub-multiplications of the norms, it is easy to see if an invariantmeasure is
average-nonuniformly hyperbolic, then it is also hyperbolic. Moreover, the inverse
is also true, see Lemma 5.11. For any Anosov diffeomorphism, the whole space
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is average-nonuniformly hyperbolic and so every probability measure is average-
nonuniformly hyperbolic. In particular, Lebesgue measure is average-nonuniformly
hyperbolic but Lebesgue measure may be not average-nonuniformly hyperbolic for
general Axiom A systems. Here we interest on average-nonuniform hyperbolicity
of Lebesgue measure, which is possibly useful to find SRB (physical) measures.
2.5. Entropy. Let (X, d) be a compact metric space with Borel σ−algebra B(X)
and let f : X → X be a continuous map. Let M(X) denote the space of all
probability measures supported on X . The set of all invariant measures and the set
of all ergodic invariant measures are denoted byMf (X) andMef (X), respectively.
For x, y ∈ X and n ∈ N, let
dn(x, y) = max
0≤i≤n−1
d(f i(x), f i(y)).
Let x ∈ X . The dynamical open ball Bn(x, ε) and dynamical closed ball Bn(x, ε)
are defined respectively as
Bn(x, ε) := {y ∈ X | dn(x, y) < ε}, Bn(x, ε) := {y ∈ X | dn(x, y) ≤ ε}.
A set S is (n, ε)-separated for Z if S ⊂ Z and dn(x, y) > ε for any x, y ∈ S and
x 6= y. A set S ⊂ Z if (n, ε)-spanning for Z if for any x ∈ Z, there exists y ∈ S
such that dn(x, y) ≤ ε.
We have the following definition of entropy for compact set and thus the defini-
tion of entropy for a general subset.
Definition 2.12. For E ⊂ X compact, we have the following Bowen’s definition of
topological entropy (c.f. [67]).
(8) htop(f, E) = lim
ε→0
lim
n→∞
log sn(E, ε)
n
,
where sn(E, ε) denotes the maximal cardinality of set which is (n, ε)-separated for
E. For a general subset Y ⊂ X , define
(9) htop(f, Y ) = sup{htop(f, E) : E ⊂ Y is compact}.
Finally, we put htop(f) = htop(f,X). Since X is a compact metric space, the
definition depends only on the topology on X , i.e. it is independent of the choice
of metric defining the same topology on X .
Let µ ∈Mf (X). Given ξ = {A1, · · · , Ak} a finite measurable partition ofX , i.e.,
a disjoint collection of elements of B(X) whose union is X , we define the entropy
of ξ by
Hµ(ξ) = −
k∑
i=1
µ(Ai) logµ(Ai).
The metric entropy of f with respect to ξ is given by
hµ(f, ξ) = lim
n→∞
1
n
logHµ(
n−1∨
i=0
f−iξ).
The metric entropy of f with respect to µ is given by
hµ(f) = sup
ξ
hµ(f, ξ),
where ξ ranges over all finite measurable partitions of X .
Remark that entropy is a classical concept to describe the dynamical complexity:
larger entropy denotes more stronger complexity.
We say f is entropy-hyperbolic, if for any ǫ > 0, there is a horseshoe Hǫ such
that
htop(Hǫ) > htop(f)− ǫ.
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3. Results
3.1. Periodic Orbits, Periodic Measures and Horseshoe. In C1+α Pesin the-
ory, there are several basic results. One is about approximating properties of hy-
perbolic periodic points and measures.
Theorem 3.1. Let f ∈ Diff1(M) and µ ∈Mqldhf (M)∩Mnf (M). Then there exists a
hyperbolic periodic point with homoclinic point (implying the existence of horseshoe
and positive topological entropy) such that the closure of its global unstable manifold
has positive measure. Moreover, the support of the measure µ is contained in the
closure of such hyperbolic periodic points, that is,
supp(µ) ⊆ Perh(f).
Remark 3.2. Here µ is not necessary to be ergodic. In the C1+α case, the existence
of horseshoes can be found in [34, 36, 54] (for example, see [36], Theorem S.5.1).
Some related results of existence of periodic points with homoclinic points for an
ergodic hyperbolic measure with dominated splitting in C1 setting also appeared in
[27, 69]. In the C1+α case, the result that the closure of unstable manifold of the
shadowing periodic point has positive measure can be found in [65]. Here Theorem
3.1 generalizes the result of [65] to some C1 case.
Remark 3.3. For C1+α case, there is a result ( [36], Corollary S.5.2 on Page 694)
that if µ is an ergodic measure with all Lyapunov exponents negative, then µ is
concentrated on the orbit of a periodic sink p, that is, ∃m > 0 such that supp(µ) =
{p, f(p), · · · , fm−1(p)}. Its proof relies on a technique called regular neighborhood
which is established for C1+α case. However, for our present C1 case, it is still
unknown.
We will prove Theorem 3.1 in section 7.1. By Theorem 3.1, clearly one has
Corollary 3.4.
Mqldhf (M) ∩Mnf (M) 6= ∅ ⇔Muhf (M) ∩Mnf (M) 6= ∅
⇔Muhf (M) ∩Mnf (M) ∩M+f (M) 6= ∅.
By (5) we have a direct corollary of Theorem 3.1.
Corollary 3.5. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be a nonatomic measure.
Then
(1) f has a compact invariant set Λ such that f |Λ is a horseshoe.
(2) there is some C0 > 0, ζ0 ∈ (0, 1) such that for any ζ ∈ (0, ζ0), C > C0, we have
lim sup
n→∞
1
n
log#Pn(f, ζ, C) > 0.
In particular,
lim sup
n→∞
1
n
log#Pn(f) > 0.
Moreover, we have a following relation between metric entropy and the exponen-
tial growth of periodic points, which is firstly proved for C1+α case [34].
Theorem 3.6. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be an ergodic measure. Then
lim sup
n→∞
1
n
log#Pn(f) ≥ hµ(f).
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Remark 3.7. For C1+α case, there is a generalized version which states that the
metric entropy equals to the exponential growth of periodic measures which ap-
proximate to the given measure in weak∗ topology [45]. However, Lyapunov neigh-
borhood is an important technique in C1+α case but in our present case, it is still
unknown for the inverse inequality.
Theorem 3.6 will be a direct application of Corollary 3.20 below.
Now let us generalize one classical result (see also Chapter 21 in [24]) by Sigmund
to C1 non-uniformly hyperbolic case. It was proved that for any topological dynam-
ical system with specification, including Axiom A systems, the periodic measures
are dense in the space of invariant measures. There are some generalizations for
C1+α non-uniformly hyperbolic case (see [31, 42]). Here we study C1 non-uniformly
hyperbolic case.
Theorem 3.8. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be an ergodic measure. Then
there is a µ full-measured set Λ˜ ⊆ supp(µ) (corresponding to new established Liao-
Pesin set as below) such that for any t > 0, the set of periodic measures supported on
t−neighborhood of supp(µ) is dense in the set of all f−invariant measures supported
on Λ˜.
In particular, we have following.
Theorem 3.9. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be an ergodic measure.
Then for any t > 0, µ can be approximated by periodic measures supported on
t−neighborhood of supp(µ).
In other words, one has following corollary which suggests a “weak stability” of
hyperbolic measures.
Corollary 3.10. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be an ergodic measure.
If fn is a sequence converging to f in the C
1 topology, then fn has an invariant
hyperbolic probability measure µn such that µn converges to µ in weak
∗ topology.
Furthermore µn may be assumed to be supported on hyperbolic periodic points.
3.2. Quasi-invariant and Quasi-ergodic. For possible applications of more gen-
eral dynamical systems, we want to introduce two new concepts called quasi-
invariant and quasi-ergodic, which are inspired from Poincare´ Recurrence Theorem.
Definition 3.11. Let µ ∈ M(M). We say µ to be quasi-invariant, if for any Borel
set A with µ(A) > 0, there exists a sequence {ni} ↑ ∞ such that fni(A) ∩A 6= ∅.
Moreover, we say µ to be quasi-ergodic, if for any Borel set A,B with µ(A) ·µ(B) >
0, there exists a sequence {ni} ↑ ∞ such that fni(A) ∩B 6= ∅.
It is obvious that every quasi-ergodic measure is quasi-invariant and by Poincare´
Recurrence Theorem every invariant measure is quasi-invariant. If a measure µ is
quasi-ergodic and also invariant, then it is not difficult to see µ should be ergodic.
Moreover, every ergodic measure is quasi-ergodic. This can be deduced obviously
from Birkhoff ergodic theorem,
lim
l→+∞
1
l
l−1∑
n=0
µ(f−n(A) ∩B) = µ(A)µ(B) > 0.
However, quasi-invariant is not necessary to be truly invariant and quasi-ergodic is
not necessary to be truly ergodic. Here we give some simple examples. It is easy to
see fK(K ≥ 2)-invariant (or ergodic) measures are always quasi-invariant but not
necessarily invariant, for instance, the Dirac measure supported a point whose orbit
is periodic with period larger than 1. Given a infinite series
∑∞
i=1 ai = 1(ai > 0) and
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a sequence of probability measures µi(i ≥ 1) which is fni−invariant for some large
ni(converging to ∞ as i goes to ∞) but not invariant for f j , 1 ≤ j ≤ ni, define
µ =
∑∞
i=1 aiµi, then µ is still quasi-invariant but may be not f
n-invariant for any
positive integer n. In particular, for example, if a system has infinite periodic orbits
with different periods, then for every periodic orbit we just take a point on it and
take µi to be the Dirac measure on this chosen point and so µ =
∑∞
i=1 aiµi is
quasi-invariant but not fn-invariant for any n.
For quasi-invariant or quasi-ergodic case, we have following.
Theorem 3.12. Let f ∈ Diff1(M) and µ be a quasi-invariant measure. If there is
an f -invariant set ∆ with µ(∆) = 1, there is be a Df−invariant quasi-dominated
splitting T∆M = E⊕F on ∆ and µ is average-nonuniformly hyperbolic with respect
to this splitting, then
(1) the periodic points is dense in the support of µ;
(2) there is horseshoe;
(3) If further µ is quasi-ergodic, then there is a µ full-measured set Λ˜ (corresponding
to new established Liao-Pesin set as below) such that for any t > 0, the set of
periodic measures is dense in the set of all f−invariant measures supported on Λ˜.
We will prove Theorem 3.12 in section 7.1 and section 8.2.
3.3. Livshitz Theorem. Now we state Livshitz Theorem in C1 systems, which is
obtained in C1+α case ( [36], see Theorem S.4.17 on Page 692, also see [37, 7]).
Theorem 3.13. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be a nonatomic measure.
Let ϕ : M → R be a Ho¨lder continuous function such that for each (hyperbolic)
periodic point z with fm(z) = z, we have
∑m−1
i=0 ϕ(f
i(z)) = 0. Then there exists a
Borel measurable function ψ such that
ϕ(x) = ψ(f(x)) − ψ(x)
holds for µ almost every point x.
Remark 3.14. For above system f and Cα cocycles, above kind of Livsic theorem
should be true and moreover, the Lyapunov exponents of Cα cocycles can be ap-
proximated by ones of periodic measures. The main observation is that their proofs
are just based on exponentially closing property. One can see [33] (or [22, 68]) for
details.
We will prove Theorem 3.13 in section 7.2.
Let φ ∈ C0(M). We say φ is a coboundary, if there is h ∈ C0(M) such that
φ = h ◦ f − h. Let Cob(f) denote the space of all coboundary continuous functions.
Theorem 3.15. Let f ∈ Diff1(M) and suppose that Mqldhf (M) ∩ Me(M) =
Me(M). Let ϕ : M → R be a continuous (not necessarily Ho¨lder continuous)
function such that for each (hyperbolic) periodic point z with fm(z) = z, we have∑m−1
i=0 ϕ(f
i(z)) = 0. Then ϕ ∈ Cob(f).
Remark 3.16. Recall that for the partially hyperbolic (not uniformly hyperbolic)
systems introduced in [25], Leplaideur et al proved in [38] for the central direction,
all ergodic invariant measures only have negative exponents, with the exception of
a Dirac measure supported on a saddle with positive exponent. So above theo-
rem can be applied in such systems (and all its conjugations h−1fh where h is a
homeomorphism).
Theorem 3.13 needs a version of exponentially closing property and exponential
closing is persisted for Cγ-conjugated (γ > 0) systems. However, Theorem 3.15 just
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needs closing lemma (not necessarily exponential) and this closing is persisted for
all topologically-conjugated systems. We will prove Theorem 3.15 in section 7.2.
3.4. Approximation of Horseshoes. Now we state a result that the information
of hyperbolic measure can be approximated by ones of horseshoes.
Theorem 3.17. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be a nonatomic ergodic
measure. Then for any ǫ > 0, any neighborhood V of µ in weak∗ topology, there
exists a horseshoe Hǫ such that
(1) Haus(Hǫ, supp(µ)) < ǫ;
(2) htop(Hǫ) > hµ(f)− ǫ;
(3) Mf (Hǫ) ⊆ V;
(4) There is a dominated splitting on Hǫ: THǫ = E ⊕ F with dim(E) = ind(µ)
such that for any x ∈ Hǫ, THǫ = E ⊕ F coincides the extended-dominated Oseledec
hyperbolic splitting;
(5) there exists Cǫ > 0 such that for any x ∈ Hǫ, n ≥ 1,
‖Dxfn|E(x)‖ ≤ Cǫexp(n(λs + ǫ)), m(Dxfn|F (x)) ≥ C−1ǫ exp(n(λu − ǫ)),
where λs, λu denote the maximal negative Lyapunov exponent of µ and the minimal
positive Lyapunov exponent of µ, respectively;
If further the Oseledec splitting of µ is dominated (i.e., every two distinct Os-
eledec bundles are dominated), the conclusions (4) and (5) can be stated better:
(4’) If χ1 > χ2 · · · > χm are the distinct Laypunov exponents of µ, with multiplic-
ities n1, · · · , nm ≥ 1, then there is a dominated splitting on Hǫ: THǫ = E1 ⊕ Em
with dim(Ei) = ni such that for any x ∈ Hǫ, THǫ = E1 ⊕ · · · ⊕ Em coincides the
extended-dominated Oseledec splitting;
(5’) there exists Cǫ > 0 such that for any x ∈ Hǫ, n ≥ 1, i = 1, · · · ,m
C−1ǫ exp(n(χi − ǫ)) ≤ m(Dxfn|Ei(x)) ≤ ‖Dxfn|Ei(x)‖ ≤ Cǫexp(n(χi + ǫ)),
where λs, λu denote the maximal negative Lyapunov exponent of µ and the minimal
positive Lyapunov exponent of µ, respectively, and moreover,
(6) the Lyapunov exponents of µ can be ǫ−approximated by ones of every ergodic
measure supported on Mf (Hǫ). In particular,
(6.1) the Lyapunov exponents of µ can be ǫ−approximated by ones of hyperbolic
periodic measures;
(6.2) the Lyapunov exponents of µ can be ǫ−approximated by ones of hyperbolic
ergodic measures with positive metric entropy whose support are uniformly hyper-
bolic.
Recall that horseshoe has structural stability and every non-atomic ergodic mea-
sure supported on the horseshoe satisfies the assumption Theorem 3.17. So hyper-
bolic measures with (quasi-)limit-domination are “stable” or persistent under C1
perturbations.
In the C1+α case, some similar statements can be found in [36, 7] and [6]. From
[36, 7, 6] we know that stable manifold theorem and shadowing lemma are enough
to prove (1) and (3), but the technique of Lyapunov neighborhood is important for
other arguments. Here in our present case, we do not have the technique of (Lya-
punov) regular neighborhood but fortunately we observe that under the assumption
of domination, (1) and (3) are enough to imply other arguments.
Moreover, we state a following corollary which is obtained recently for C1+α
setting [48].
Theorem 3.18. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be a nonatomic ergodic
measure. Then µ is approximated by uniformly hyperbolic sets in the sense that there
exists a sequence Ωn of compact, topologically transitive, locally maximal, uniformly
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hyperbolic sets such that for any sequence µn of f -invariant ergodic probability
measures with supp(µn) ⊆ Ωn, we have µn → µ in the weak∗ topology.
We say f is Hausdorff-hyperbolic, if for any ǫ > 0, there is a horseshoe Hǫ such
that
Haus(Hǫ,M) < ǫ.
Then by Theorem 3.17 (1) we have
Corollary 3.19. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be a nonatomic ergodic
measure with supp(µ) =M . Then f is Hausdorff-hyperbolic.
By Theorem 3.17 (2) and (5) we have
Corollary 3.20. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be a nonatomic ergodic
measure. Then there is some ζ0 ∈ (0, 1) such that for any ζ ∈ (0, ζ0), we have
hµ(f) ≤ lim
C→∞
lim sup
n→∞
1
n
log#Pn(f, ζ, C).
Obviously, Corollary 3.20 implies Theorem 3.6.
Theorem 3.17 (6.1) tells us that if the Oseledec splitting of µ is dominated,
then the Lyapunov exponents of µ can be ǫ−approximated by ones of hyperbolic
periodic measures. For C1+α diffeomorphism, similar results had been proved in
[68] that for every ergodic hyperbolic measure µ, the Lypunov exponents of µ can
be approximated by ones of periodic measures. However, it is still unknown for C1
case which only assume that the stable bundle dominates the unstable one.
Question 3.21. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be an ergodic measure.
Then whether Lyapunov exponents of µ can be approximated by ones of periodic
measures?
For Anosov case, obviously every ergodic measure is hyperbolic and its Osledec
hyperbolic splitting corresponds to the uniformly hyperbolic splitting so that it
is dominated. However, it is also unknown for the approximation of Lyapunov
exponents if the system is just C1:
Question 3.22. Let f ∈ Diff1(M) be Anosov. Then for any ergodic measure µ,
whether Lyapunov exponents of µ can be approximated by ones of periodic mea-
sures?
3.5. Existence of Horseshoe, Hyperbolic Periodic Orbit in Partial Hy-
perbolic Systems.
Theorem 3.23. Let f :M →M be a C1 diffeomorphism on a compact Riemanian
manifold M with a dominated splitting TM = E⊕F . If one condition of following
holds:
(A) If E is quasi-conformal and F is uniformly expanding;
(A’) If dim(E) = 1 and F is uniformly expanding;
(B) If F is quasi-conformal and E is uniformly contracting;
(B’) If dim(F ) = 1 and E is uniformly contracting;
(C) If E,F is quasi-conformal and f has positive topological entropy;
(C’) If dim(E) = dim(F ) = 1 and f has positive topological entropy;
Then
(1) There is a horseshoe (in particular, there are infinite hyperbolic periodic orbits);
(2) f is entropy-hyperbolic;
(3) there is some ζ0 ∈ (0, 1) such that for any ζ ∈ (0, ζ0), we have
htop(f) = lim
C→∞
lim sup
n→∞
1
n
log#Pn(f, ζ, C),
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where
Pn(f, ζ, C) := {x ∈M | fnx = x and for any l ≥ 1, j = 0, 1, 2, · · · , n− 1,
max{‖Df l|E(fjx)‖, ‖Df−l|F (fjx)‖} ≤ Cζl}.
For the cases of (A’) (B’) and (C’), the systems are all far from homoclinic
tangencies so that by [44] they are entropy-expansive so that they have maximal
entropy measures. However, for the cases of (A) (B) and (C), it is still unknown the
existence of maximal entropy measures. LetMz(M) denotes the space of invariant
measures with zero metric entropy. In a Baire space, a set is residual if it contains
a countable intersection of dense open sets.
Theorem 3.24. Let f :M →M be the system as in Theorem 3.23. Then Mz(M)
is dense in Mf(M). In particular, for each case of (A’) (B’) (C’), Mz(M) is
residual in Mf (M).
We will prove Theorem 3.24 in section 6.2.
The results of Theorem 3.23 hold for more general case than quasi-conformal
case, since quasi-conformal case implies that there is only one Lyapunov exponent
in the corresponding bundle for a.e. points.
Theorem 3.25. Let f :M →M be a C1 diffeomorphism on a compact Riemanian
manifold M with a dominated splitting TM = E⊕F . If one condition of following
holds:
(I) Suppose that F is uniformly expanding, i.e. there exist C > 0 and 0 < λ < 1
such that
‖Df−n|F (x)‖ ≤ Cλn, ∀x ∈M, n ≥ 1.
If there is some a ∈ [0,− dimFdimE logλ) such that E satisfies that
lim inf
n→∞
1
n
log
‖Dfn|E(x)‖
m(Dfn|E(x))
≤ a.
(II) Suppose that E is uniformly contracting, i.e. there exist C > 0 and 0 < λ < 1
such that
‖Dfn|E(x)‖ ≤ Cλn, ∀x ∈M, n ≥ 1.
If there is some a ∈ [0,− dimEdimF logλ) such that F satisfies that
lim inf
n→∞
1
n
log
‖Dfn|F (x)‖
m(Dfn|F (x))
≤ a.
Then: the results of Theorem 3.23 hold.
Note that (A) (A’) in Theorem 3.23 imply (I) and (B), (B’) in Theorem 3.23
imply (II) (In fact, in these cases, a = 0). So we only need to prove (I) and (II) of
Theorem 3.25, and (C) (C’) in Theorem 3.23. Note that (I) and (II) are similar so
that we only need to show one case, see section 6.2.
Theorem 3.26. Under the same assumptions as Theorem 3.25 (including the cases
of (A) (A’) (B) (B’) in Theorem 3.23), we have:
(1) Lebesgue measure is average-nonuniformly hyperbolic;
(2) if further Lebesgue measure is quasi-invariant, then the periodic points form a
dense subset of the whole manifold.
We will prove Theorem 3.26 for system with condition (I) in section 6.2 and the
case (II) is similar. Recall that from [3] and [13] SRB measures exist in C2 partially
hyperbolic systems, whose tangent bundle decomposes into two dominated bundles:
one is uniformly expanding (or contracting) and another is (average-)nonuniformly
contracting (or expanding) on Lebesgue positive (or full) measure set (called mostly
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contracting or mostly expanding [3] and [13]). Here for the system in Theorem 3.25
which is further assumed C2, mostly contracting or mostly expanding naturally
holds on Lebesgue full measure set for system fK (K being large) and so it is
possible to obtain SRB measures.
Moreover, we have another characterization for Lebesgue measure. We say f to
be volume-non-expanding, if Lebesgue a.e. x,
lim sup
n→+∞
1
n
log |det(Dfn)| ≤ 0.
Theorem 3.27. Under the same assumptions as the cases of (A) (A’) (resp., (B)
(B’)) in Theorem 3.23: f (resp., f−1) is volume-non-expanding.
We will prove Theorem 3.27 in section 6.3.
Above results are considered for partial hyperbolicity with two dominated bun-
dles. For the usual partial hyperbolicity, we have following result.
Theorem 3.28. Let f :M →M be a C1 diffeomorphism on a compact Riemanian
manifold M with a dominated splitting TM = Es ⊕ Ec ⊕ Eu (i.e., Es ≺ Ec and
Ec ≺ Eu) and suppose that Es is uniformly contracting, Eu is uniformly expanding
and Ec is quasi-conformal. Then
(1) either there exists at least one hyperbolic periodic orbit, or
for any ǫ > 0, there is some Cǫ > 0 such that for any n ≥ 1, x ∈M,
C−1ǫ exp(−nǫ) ≤ m(Dfn|Ec(x)) ≤ ‖Dfn|Ec(x)‖ ≤ Cǫexp(nǫ),
(in this case the Lyapunov exponents on the bundle Ec of all points exist and equal
to zero).
(2) either there exists a horseshoe, or
for Lebesgue a.e. x ∈M, the central Lyapunov exponents of Ec at x exist and equal
to zero, that is
lim
n→+∞
1
n
log ‖Dfn|Ec(x)‖ = lim
n→+∞
1
n
logm(Dfn|Ec(x)) = 0.
This theorem can be applied for all partially hyperbolic systems with one di-
mensional central bundle which form an open subset of Diff1(M). We will prove
Theorem 3.28 in section 6.1. Remark that if one also consider f−1, the consequence
(2) can be stated as follows: either there exists a horseshoe, or for Lebesgue a.e.
x ∈M, the central Lyapunov exponents of Ec at x exist and equal to zero, that is
lim
n→+∞
1
n
log ‖Df±n|Ec(x)‖ = lim
n→+∞
1
n
logm(Df±n|Ec(x)) = 0.
Moreover, we can have a following theorem.
Theorem 3.29. Let f :M →M be a C1 diffeomorphism on a compact Riemanian
manifold M with a dominated splitting TM = Es ⊕ Ec ⊕ Eu (i.e., Es ≺ Ec
and Ec ≺ Eu) where Es is uniformly contracting and Eu is uniformly expanding.
Suppose for each fixed ergodic invariant measure with positive entropy, its Lyapunov
exponents in the direction Ec are all non-zero with same sign (admitting coexistence
of two ergodic measures with different sign Lyapunov exponents in the direction Ec).
Then the results of Theorem 3.23 hold. Moreover, Mz(M) is dense in Mf (M). In
particular, if Ec is one-dimensional, Mz(M) is residual in Mf (M).
Remark 3.30. Similar results of Theorem 3.23 hold provided that Ec can be de-
composed by a more fine dominated splitting Ec1 ⊕ · · ·Eck and for each fixed Eci
and ergodic measure with positive entropy, its Lyapunov exponents in the direction
Eci are all non-zero with same sign (admitting coexistence of two ergodic measures
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with different sign Lyapunov exponents in the direction Eci ). In particular, all E
c
i
are one-dimensional,Mz(M) is residual in Mf(M).
We will prove Theorem 3.29 in section 6.2. Theorem 3.29 can be applied for
some systems which are not necessarily uniformly hyperbolic, for example, partially
hyperbolic systems in [25, 38] (and their conjugated system h−1fh where h ∈
Diff1(M)). Moreover, for the partially hyperbolic systems of [25, 38], Lebesgue
measure is average-nonuniformly hyperbolic for f .
Theorem 3.31. Let f :M →M be a C1 diffeomorphism on a compact Riemanian
manifold M with a dominated splitting TM = Es⊕Ec⊕Eu (i.e., Es ≺ Ec and Ec ≺
Eu) where Es is uniformly contracting and Eu is uniformly expanding. Suppose
for the direction Ec, every ergodic invariant measure with positive metric entropy
has only negative Lyapunov exponents in Ec (resp., every ergodic invariant measure
with positive metric entropy has only positive Lyapunov exponents in Ec). Then the
results of Theorem 3.29 hold. Moreover, Lebesgue measure is average-nonuniformly
hyperbolic for f and f (resp., f−1) is volume-non-expanding. If further Lebesgue
measure is quasi-invariant, then the periodic points form a dense subset of the whole
manifold.
By Theorem 3.29, its results hold naturally under the assumptions of Theorem
3.31, since the assumptions of Theorem 3.31 is stronger than ones of Theorem 3.29.
We will prove the left part of Theorem 3.31 in section 6.2 and section 6.3.
Observe that the assumption of Theorem 3.25 is an open condition, that is, there
is a neighborhood such that every system in the neighborhood has similar condition.
In other words, if PH1cc(M) and PH
1
1 (M) denote the space of partially hyperbolic
systems satisfying the assumption of Theorem 3.25 (which are close to conformal)
and the space of partially hyperbolic systems satisfying (A’) or (B’) in Theorem 3.23
(i.e., one dimensional central bundle), respectively. Then PH11 (M) ⊆ PH1cc(M) are
two open subsets of PH1(M). Let D1(M) be the space of all systems with a global
dominated splitting which also is a open subset of Diff1(M). Then we have following
result for continuity of entropy function.
Theorem 3.32. (1) The entropy function h : PH1cc(M)→ R, f 7→ htop(f) is lower
semi-continuous.
(2) If M is a surface, h : D1(M)→ R, f 7→ htop(f) is lower semi-continuous.
(3) the following systems are also lower semi-continuous points of entropy function
h : Diff1(M)→ R, f 7→ htop(f):
(3.1) f satisfies that every ergodic hyperbolic measure is inMqldhf (M). In particular,
it includes the case of Theorem 3.29 and includes all C1 surface diffeomorphisms
with a global quasi-limit-dominated splitting.
(3.2) f ∈ D1(M) satisfies that two dominated bundles are quasi-conformal.
This theorem is not difficult to prove. Let us explain more precisely. By above
analysis of horseshoe and variational principle, every system f in above theorem
satisfies entropy-hyperbolic. Then
htop(f) = {htop(f |Λ)|Λ is a hyperbolic horseshoe }.
By structural stability of horseshoe, lower semi-continuity follows.
3.6. Some other recent known related results. For possible completeness of
C1 nonuniform hyperbolicity theory, we state several related known results includ-
ing connection of recurrent time and Lyapunov exponents, Pesin’s entropy formula
which builds the relation of metric entropy and Lyapunov exponents.
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3.6.1. Recurrence Time & Lyapunov Exponents. The first known result is to con-
nect “Recurrence” with Lyapunov exponents (see [51, 59, 50]). Given x ∈ M and
r > 0, denote the first return time of a ball B(x, r) radius r at x by
τ(B(x, r)) := min{k > 0 | fk(B(x, r)) ∩B(x, r) 6= ∅}.
Then
Theorem 3.33. ( [51]) Let f ∈ Diff1(M) and µ ∈Mdhf (M) be an ergodic measure.
Then µ satisfies that for µ a.e. x ∈M ,
lim sup
r→0
τ(B(x, r))
− log r ≤
1
λu
− 1
λs
,
where λu, λs are the minimal positive Lyapunov exponent and maximal negative
Lyapunov exponent of µ, respectively.
3.6.2. Pesin’s Entropy Formula. The second known result is Pesin entropy formula
which was firstly obtained in C1+α systems. Recall that an invariant measure µ
satisfies Pesin entropy formula, if
hµ(f) =
∫ ∑
λi(x)≥0
λi(x)dµ,
where λ1(x) ≥ λ2(x) ≥ · · · ≥ λdimM (x) denote the Lyapunov exponents of µ a.e.
x. Now we state C1 Pesin’s entropy formula for smooth measures (see [62]) and its
generalization for SRB-like measures (see [19]).
Theorem 3.34. ( [62]) Let f ∈ Diff1(M) preserve an invariant probability measure
µ which is absolutely continuous relative to Lebesgue measure. If there is an f -
invariant measurable function m(·) : M → N such that for µa. e. x ∈ M, there
exists an m(x)-dominated splitting: Torb(x)M = Eorb(x) ⊕ Forb(x), then
hµ(f) ≥
∫
χ(x)dµ,
where χ(x) =
∑dimF (x)
i=1 λi(x).
In particular, if for µ a. e. x ∈ M , λdimF (x)(x) ≥ 0 ≥ λdimF (x)+1(x), then Pesin’s
entropy formula holds.
Consequently, Pesin’s entropy formula is valid on any f ∈ Diff1m(M), assuming f
to be Anosov, partially hyperbolic with one-dimensional center, far from tangency
or be a generic system in Diff1m(M) (see [62]).
Now we state recent advance on entropy formula for the case of SRB-like measure,
which always exists in any dynamics. Recall that M(M) denotes the space of
all probability measures, and Mf (M) ⊂ M(M) denotes the space of f -invariant
probability measures. For a point x ∈M we consider the following sequence{ 1
n
n−1∑
j=0
δfj(x)
}
n∈N
where δy is the Dirac probability measure supported at y ∈ M. We define the
nonempty and compact set pω(x) of probability measures:
pωf (x) =
{
µ ∈M(M) : ∃ ni → +∞ such that
∗
lim
i→+∞
1
ni
ni−1∑
j=0
δfj(x) = µ
}
.
It is standard to check that pωf(x) ⊂Mf (M).
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Definition 3.35. (SRB-like measures)
A probability measure µ ∈ Mf(M) is SRB-like (or observable or pseudo-physical)
if for any ε > 0 the set
Aε(µ) = {x ∈M : dist(pωf (x), µ) < ε}
has positive Lebesgue measure. The set Aε(µ) is called basin of ε−attraction of µ.
We denote by Of the set of all SRB-like measures for f :M 7→M . It is easy to
see that every SRB-like measure for f is f -invariant.
Theorem 3.36. ( [19]) Let f ∈ Diff1(M) and there is a global dominated splitting
TMM = E ⊕ F. Then for any SRB-like measure µ ∈ Of ,
hµ(f) ≥
∫
χ(x)dµ,
where χ(x) =
∑dimF (x)
i=1 λi(x) and λ1(x) ≥ λ2(x) ≥ · · · ≥ λdimM (x) denote the
Lyapunov exponents of µ a.e. x.
Inspired by this result and the relation of domination and limit-domination, we
ask a following question for entropy formula in the case of global limit-dominated
splitting.
Question 3.37. Let f ∈ Diff1(M) and there is a global limit-dominated splitting
TMM = E ⊕ F. Whether one has following result: for any SRB-like measure µ,
hµ(f) ≥
∫
χ(x)dµ,
where χ(x) =
∑dimF (x)
i=1 λi(x) and λ1(x) ≥ λ2(x) ≥ · · · ≥ λdimM (x) denote the
Lyapunov exponents of µ a.e. x.
There are some examples for possible positive answer, see Example 9.12.
Moreover, there are some results on large deviation for C1 non-uniformly hyper-
bolic systems, for example, see [57, 66] etc. Here we omit the details.
4. Pesin set, stable manifolds & (exponential) shadowing lemma
4.1. Classical Pesin blocks, Pesin set. In this subsection we give a quick re-
view concerning some notions and results of C1+α Pesin theory for convenience to
compare with our new Pesin set, called Liao-Pesin set.
Let f :M →M be a C1+α diffeomorphism. We recall the classical Pesin set [54]
defined independently on measures and corresponding Katok’s shadowing lemma.
4.1.1. Pesin set in C1+α setting. Given λ, µ ≫ ε > 0, and for all k ∈ Z+,
we define Λk = Λk(λ, µ; ε) to be all points x ∈ M for which there is a splitting
TxM = E
s
x ⊕ Eux with invariant property Dxfm(Esx) = Esfmx and Dxfm(Eux ) =
Eufmx satisfying:
(a) ‖Dfn|Es
fmx
‖ ≤ eεke−(λ−ε)neε|m|, ∀m ∈ Z, n ≥ 1;
(b) ‖Df−n|Eu
fmx
‖ ≤ eεke−(µ−ε)neε|m|, ∀m ∈ Z, n ≥ 1;
(c) tan(∠(Esfmx, E
u
fmx)) ≥ e−εke−ε|m|, ∀m ∈ Z.
We set Λ = Λ(λ, µ; ε) =
⋃+∞
k=1 Λk and call Λ a Pesin set.
According to Oseledec Theorem [52], every ergodic hyperbolic measure µ has
s (s ≤ dimM) nonzero Lyapunov exponents
λ1 < · · · < λr < 0 < λr+1 < · · · < λs
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with associated Oseledec splitting
TxM = E
1
x ⊕ · · · ⊕ Esx, x ∈ L(µ),
where we recall that L(µ) denotes an Oseledec basin of µ. If we denote by λ the
absolute value of the largest negative Lyapunov exponent λr and µ the smallest
positive Lyapunov exponent λr+1, then for any 0 < ε < min{λ, µ}, one has µ
full-measured Pesin set Λ = Λ(λ, µ; ε) (see, for example, Proposition 4.2 in [54]).
And for any point x ∈ L(µ) ∩ Λ, Esx and Eux coincide with E1x ⊕ · · · ⊕ Erx and
Er+1x ⊕ · · · ⊕ Esx respectively.
The following statements are elementary properties of Pesin blocks (see [54]):
(a) Λ1 ⊆ Λ2 ⊆ Λ3 ⊆ · · ·;
(b) f(Λk) ⊆ Λk+1, f−1(Λk) ⊆ Λk+1;
(c) Λk is compact for ∀ k ≥ 1;
(d) for ∀ k ≥ 1 the splitting x→ Eux ⊕ Esx depends continuously on x ∈ Λk.
4.1.2. Shadowing lemma. We recall Katok’s shadowing lemma [54] in this sub-
section. Let (δk)
+∞
k=1 be a sequence of positive real numbers. Let (xn)
+∞
n=−∞ be a
sequence of points in Λ = Λ(λ, µ, ε) for which there exists a sequence (sn)
+∞
n=−∞ of
positive integers satisfying:
(a) xn ∈ Λsn , ∀n ∈ Z;
(b) | sn − sn−1 |≤ 1, ∀n ∈ Z;
(c) d(fxn, xn+1) ≤ δsn , ∀n ∈ Z;
then we call (xn)
+∞
n=−∞ a (δk)
+∞
k=1 pseudo-orbit. Given τ > 0, a point x ∈ M is a
τ -shadowing point for the (δk)
+∞
k=1 pseudo-orbit if d(f
n(x), xn+1) ≤ τεsn , ∀n ∈ Z,
where εk = ε0e
−εk and ε0 is a constant only dependent on the system itself.
Lemma 4.1. (Shadowing lemma) Let f : M → M be a C1+α diffeomorphism,
with a non-empty Pesin set Λ = Λ(λ, µ; ε) and fixed parameters, λ, µ≫ ε > 0. For
∀τ > 0 there exists a sequence (δk)+∞k=1 such that for any (δk)+∞k=1 pseudo-orbit there
exists a unique τ-shadowing point.
4.1.3. Stable and unstable manifolds. We recall stable manifold theorem (e.g.,
[54]) on Pesin set in C1+α setting. Before that we recall the definition of (local)
stable manifold.
Definition 4.2. Given a non-empty Pesin set Λ = Λ(λ, µ; ε) (with λ, µ≫ ε > 0) we
shall define the (local) stable (unstable) manifolds through any point x ∈ Λ by
W sδ (x) = {y ∈M | d(fn(x), fn(y)) ≤ δe−(λ−ε)n, n ≥ 0}
(Wuδ (x) = {y ∈M | d(f−n(x), f−n(y)) ≤ δe−(µ−ε)n, n ≥ 0})
for some small δ > 0.
Proposition 4.3. (Stable Manifold Theorem) Let f : M → M be a C1+α diffeo-
morphism and let Λ = Λ(λ, µ; ε) a non-empty Pesin set (with λ, µ≫ ε > 0). There
exists ε0 > 0 such that for x ∈ Λ(k ≥ 1) and δ = ε0e−εk::
(a). W sδ (x),W
u
δ (x)are C
1 submanifolds of M;
(b). TxW
s
δ = E
s
x, TxW
u
δ (x) = E
u
x .
4.2. New Pesin Set, called Liao-Pesin Set. Parallel to C1+α Pesin theory,
we want to know whether Katok’s shadowing lemma holds for C1 systems. More
precisely,
Question 4.4. Let f :M →M be a C1 diffeomorphism. Is there a non-empty Pesin
set Λ composed of a filtration of Λk such that
(1) Katok’s shadowing remains true?
(2) Stable manifold theorem remains true?
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As noted in first section C1 and C1+α are different world so this generalization
is difficult and Pugh pointed out in [55] that the α-Ho¨lder condition for the first
derivative is necessary in the Pesin’s stable manifold theorem. However, on one
hand, inspired by Liao’s idea of quasi-hyperbolic arc, we can give a partial but
positive answer to Katok’s shadowing of Question 4.4 by constructing a filtration
of new Pesin blocks, called Liao-Pesin blocks and set. On the other hand, we also
get stable manifolds on Liao-Pesin blocks.
Recall that a so-called quasi-hyperbolic orbit segment (Definition 4.7) whose
starting and ending points are near can be shadowed by a periodic orbit from
Liao’s closing lemma [46]. We are going to use this idea to realize our aim, that
is, for an invariant measure, almost all orbit segments whose starting and ending
points are near are quasi-hyperbolic and then can be shadowed by periodic points.
To guarantee any orbit segment in the basin of a hyperbolic measure to be quasi-
hyperbolic a condition called limit domination is required. More precisely, we can
construct a filtration of new forms of Pesin blocks and Pesin set such that all
Pesin blocks have the same degree of mean hyperbolicity (Definition 2.11) and all
sufficiently long orbit segments with starting points and ending points at the same
block are of the same type of quasi-hyperbolicity (Definition 4.8). These orbit
segments satisfy the conditions of the Liao [46] closing lemma so that they can
be traced by periodic orbits, which gives rise to the closing lemma. For obtaining
shadowing lemma in our setting, we apply a generalized idea [26] of Liao’s closing
lemma so that we can find a truth orbit to trace any pseudo-orbit consisting of finite
or infinite orbit segments with starting and ending points in a given Pesin block. In
particular, closing lemma deals with just one orbit segment but shadowing lemma
can deal with finite or infinite orbit segments so that shadowing lemma is much
stronger.
4.2.1. Establishment of new Pesin set: Liao-Pesin set. Now we start to introduce
the definitions of our Liao-Pesin blocks and set, and then state two theorems of
shadowing and closing lemma. Denote the minimal norm of an invertible linear
map A by m(A) = ‖A−1‖−1.
Definition 4.5. Given K ∈ N, ζ > 0, and for all k ∈ Z+, we define Λk = Λk(K, ζ)
to be all points x ∈ M for which there is a splitting TxM = E(x) ⊕ F (x) with
the invariance property Dxf(E(x)) = E(f(x)) and Dxf(F (x)) = F (f(x)) and
satisfying:
(a).
log ‖Df r|E(x)‖+
∑l−1
j=0 log ‖DfK |E(fjK+r(x))‖
lK + r
≤ −ζ,
∀ l ≥ k, ∀ 0 ≤ r ≤ K − 1;
(b).
log m(Df r|F (f−lK−r(x))) +
∑−1
j=−l logm(Df
K |F (fjK(x)))
lK + r
≥ ζ,
∀ l ≥ k, ∀ 0 ≤ r ≤ K − 1;
(c).
1
kK + r
log
‖DfkK+r|E(x)‖
m(DfkK+r|F (x))
≤ −2ζ, ∀ 0 ≤ r ≤ K−1,
and
1
K
log
‖DfK |E(f l(x))‖
m(DfK |F (f l(x)))
≤ −2ζ, ∀ l ≥ kK.
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Denote by Λ = Λ(K, ζ) the maximal f−invariant subset of ⋃k≥1 Λk, meaning
Λ =
⋂
n∈Z
fn(
⋃
k≥1
Λk).
We call Λ a Liao-Pesin set and call Λk(k ≥ 1) Liao-Pesin blocks. (see Figure 1
and 2 to explain (a), (b) and (c), respectively).
0
−kK−r−(k+1)K−r−(k+2)K−r
kK+r (k+1)K+r (k+2)K+r
· · · · · ·
· · · · · ·
>
>
>
>
>
>
Figure 1. Graph to show (a) and (b).
0 kK+r (k+2)K+r(k+1)K+r (k+3)K+r (k+4)K+r
· · · · · ·
>
>
>
>
>
>
>
>
>
>
Figure 2. Graph to show (c).
Remark 4.6. For given K ∈ N and ζ > 0, obviously Λk(K, ζ) ⊆ Λk+1(K, ζ), ∀ k ∈
N and Λ(K, ζ) ⊆ Λ(iK, ζ), ∀ i ∈ N. By sub-multiplication of norms, the conditions
(a) and (b) imply that
(a′).
log ‖Dfn|E(x)‖
n
≤ −ζ, ∀ n ≥ kK,
(b′).
logm(Dfn|F (x))
n
≥ ζ, ∀ n ≥ kK.
Different with the construction of classical Pesin set, it is not necessarily required
that f±1Λk ⊆ Λk+1. We will illustrate Liao-Pesin set more information in Section
4.2.2.
The definition of our Liao-Pesin set is based on a generalized multiplicative
ergodic theorem (Lemma 5.11) and limit domination (Definition 2.7). It enables
us to realize shadowing properties on nonempty Liao-Pesin blocks by using Liao’s
closing and shadowing lemma in a C1 nonuniformly hyperbolic system with limit
domination. Remark that for the case of flows, the constructed Liao-Pesin blocks
in [63] display minor difference because there it needs to deal with continuous time.
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4.2.2. Basic properties of Liao-Pesin set. In this section we investigate more prop-
erties of Liao-Pesin set. We recall a notion of Liao’s quasi-hyperbolic orbit segment
[26, 46].
Definition 4.7. Fix arbitrarily two constants ζ > 0 and e ∈ Z+ and consider an
orbit segment
{x, n} := {f i(x) | i = 0, 1, 2, · · · , n},
where x ∈ M and n ∈ N. We call {x, n} a (ζ, e)-quasi-hyperbolic orbit segment
with respect to a splitting
TxM = E ⊕ F,
if there is a partition
0 = t0 < t1 < · · · < tm = n (m ≥ 1)
such that tk − tk−1 ≤ e and
(1). 1tkΣ
k
j=1 log ‖Df tj−tj−1 |Dftj−1 (E)‖ ≤ −ζ,
(2). 1tm−tk−1Σ
m
j=k log m(Df
tj−tj−1 |Dftj−1 (F )) ≥ ζ,
(3). 1tk−tk−1 log
‖Dftk−tk−1 |
Df
tk−1 (E)‖
m(Dftk−tk−1 |
Df
tk−1 (F ))
≤ −2ζ, k = 1, 2, · · · , m.
We use the notion of quasi-hyperbolic orbit segment to introduce a concept of
type of quasi-hyperbolicity.
Definition 4.8. Let k, K ∈ N, ζ > 0. For a given subset ∆ (neither necessarily
f−invariant nor fK-invariant maybe), let TxM = E(x) ⊕ F (x) (x ∈ ∆) be a Df -
invariant splitting, meaning that it is invariant on each orbit orb(x, f) (∆ contains
not necessarily the whole orbit orb(x, f)) for x ∈ ∆. We say that ∆ is a quasi-
hyperbolic set of (ζ, (k + 1)K)-type, if any orbit segment {x, n} := {f i(x)|i =
0, 1, · · · , n} (n ≥ 2kK) with starting point and ending point in ∆ is (ζ, (k+1)K)-
quasi-hyperbolic orbit segment of f .
Now we use the above notions to present more properties for Liao-Pesin blocks
and set.
Proposition 4.9. For given k, K ∈ N and ζ > 0, the Liao-Pesin block Λk(K, ζ) is
closed and is a quasi-hyperbolic set of (ζ, (k + 1)K)-type, and the splitting TxM =
E(x)⊕F (x) on Λk(K, ζ) is continuous. Further, the Liao-Pesin set Λ(K, ζ) is an
average-nonuniformly hyperbolic set with (K, ζ)-degree.
Proof Given an orbit segment {x, n} := {f i(x) | i = 0, 1, · · · , n} (n ≥ 2kK)
with starting point and ending point in Λk(K, ζ), i.e., x, f
n(x) ∈ Λk(K, ζ), we
show that {x, n} is (ζ, (k + 1)K)-quasi-hyperbolic orbit segment.
Write n = lK + q, where l ≥ 2k and 0 ≤ q ≤ K − 1. Let m = l − 2k + 2 and
t0 = 0, ti = (k + i− 1)K + q, i = 1, 2, · · · , m− 1, tm = lK + q.
Thus we get a partition
t0 < t1 < t2 < · · · < tm−1 < tm.
In the partition, the starting subinterval has length of kK+q, the ending subinterval
has length of kK, and the rest have length of K.
Since x ∈ Λk(K, ζ), by (a) in Definition 4.5 while taking r = q we have
1
ti
Σij=1 log ‖Df tj−tj−1 |Dftj−1 (E(x))‖
≤ log ‖Df
q|E(x)‖+
∑k+i−2
j=0 log ‖DfK |E(fjK+q(x))‖
q + (k + i− 1)K ≤ −ζ,
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i = 1, 2, · · · , m− 1, and
1
tm
Σmj=1 log ‖Df tj−tj−1 |Dftj−1 (E(x))‖
≤ log ‖Df
q|E(x)‖+
∑l−1
j=0 log ‖DfK |E(fjK+q(x))‖
q + lK
≤ −ζ,
which gives rise to the first inequality in Definition 4.7.
Notice that
l − k − i+ 2 ≥ l − k −m+ 2 = k, i = 1, 2, · · · , m.
Since fn(x) ∈ Λk(K, ζ), by (b) in the Definition 4.5 while taking r = 0 we have
1
tm − ti−1Σ
m
j=i log m(Df
tj−tj−1 |Dftj−1 (F (x)))
≥
−1∑
j=−(l−k−i+2)
logm(DfK |F (fjK(fn(x))))
(l − k − i+ 2)K ≥ ζ,
i = 2, · · · ,m, and while taking r = q we have
1
tm − t0Σ
m
j=1 log m(Df
tj−tj−1 |Dftj−1 (F (x)))
≥ logm(Df
q|F (x)) +
∑−1
j=−l logm(Df
K |F (fjK(fn(x))))
lK + q
≥ ζ,
which gives rise to the second inequality in Definition 4.7.
Before continuing our proof we present Figure 3 to illustrate the concepts. We
denote f ti(x) by ti and take k = 3, l = 10, q = 1, m = 6 and n = 10K + 1 in the
Figure, and draw a graph for the inequality (1) and (2) of (ζ, 4K) = (ζ, (3 + 1)K)
quasi-hyperbolic orbit segment {x, 10K + 1}.
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>
>
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>
>
>
Figure 3. inequalities (1), (2) of (ζ, 4K) quasi-hyperbolic orbit segment.
Now we continue our proof and verify the third inequality in Definition 4.7. Since
x ∈ Λk(K, ζ) and t1 = kK + q , by (c) in Definition 4.5 while taking r = q we have
1
t1 − t0 log
‖Df t1−t0 |Dft0 (E(x))‖
m(Df t1−t0 |Dft0 (F (x)))
=
1
kK + q
log
‖DfkK+q|E(x)‖
m(DfkK+q|F (x))
≤ −2ζ,
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while noting that ti ≥ kK, i = 1, 2, · · · , m− 2, we have
1
ti − ti−1 log
‖Df ti−ti−1 |Dfti−1 (E(x))‖
m(Df ti−ti−1 |Dfti−1 (F (x)))
=
1
K
log
‖DfK |Dfti−1 (E(x))‖
m(DfK |Dfti−1 (F (x)))
≤ −2ζ, i = 2, · · · , m− 1,
and while tm − tm−1 = kK and tm−1 + jK ≥ kK, we have
1
tm − tm−1 log
‖Df tm−tm−1 |Dftm−1 (E(x))‖
m(Df tm−tm−1 |Dftm−1 (F (x)))
≤ 1
kK
k−1∑
j=0
log
‖DfK |Dftm−1+jK(E(x))‖
m(DfK |Dftm−1+jK(F (x)))
≤ −2ζ,
which gives rise to the third inequality in Definition 4.7.
Before continuing our proof we also present Figure 4 to give an explanation.
We denote f ti(x) by ti and take k = 3, l = 10, q = 1, m = 6 and n = 10K + 1
in the Figure, and draw a graph for the inequality (3) of (ζ, 4K) = (ζ, (3 + 1)K)
quasi-hyperbolic orbit segment {x, 10K + 1}.
0=t
0‖
0K
t
1‖
3K+1
t
3‖
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t
2‖
4K+1
t
4‖
6K+1
t
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7K+1
t
6‖
10K+1
Figure 4. inequality (3) of (ζ, 4K) quasi-hyperbolic orbit segment.
Observe from the partition that ti − ti−1 ≤ (k + 1)K. So {x, n} is a (ζ, (k +
1)K)-quasi-hyperbolic orbit segment. Thus, by Definition 4.8 Λk(K, ζ) is a quasi-
hyperbolic set of (ζ, (k + 1)K)-type.
Next we show that Λk(K, ζ) is closed. Clearly the three conditions in the defini-
tion of Λk(K, ζ) imply that the splitting TxM = E(x) ⊕ F (x) is unique. If x ∈M
and xi ∈ Λk(K, ζ)(i ≥ 1) is a convergent sequence with limi→+∞ xi = x, with
the choice of k fixed, then by a compactness argument we can choose a convergent
subsequence of the subspaces ξ(xij ) → ξ′(x), as j → +∞ where ξ = E, F . By
assumption xij ∈ Λk(K, ζ), conditions in the definition of Λk(K, ζ) are satisfied
by E(xij ) and F (xij ). Letting j → +∞, then the three conditions in the definition
of Λk(K, ζ) hold for the subbundles E
′(x) and F ′(x). By the uniqueness condition
above, E′(x) = E(x) and F ′(x) = F (x). So x ∈ Λk(K, ζ) and thus Λk(K, ζ) is
closed.
By the uniqueness condition above, there is only one possible limit for E(xij )
and F (xij ). Thus the splitting x 7→ E(x) ⊕ F (x) is continuous on Λk(K, ζ). That
Λ(K, ζ) is a mean nonuniformly hyperbolic set with (K, ζ)-degree is an easy con-
sequence.
By (a) and (b) in Definition 4.5, it is easy to see that the Pesin set Λ(K, ζ) is a
average-nonuniformly hyperbolic set with (K, ζ)-degree. 
For the sets Λk(K, ζ), k ≥ 1, we should observe that, in general, Λ itself need
not necessarily be compact, nor it is necessarily true that the splitting TxM =
E(x)⊕ F (x) is continuous on Λ(K, ζ).
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4.2.3. shadowing lemma and closing lemma. To state shadowing lemma and closing
lemma we need some notions. Given x ∈M and n ∈ N, let
{x, n} := {f j(x) | j = 0, 1, · · · , n}.
In other words, {x, n} represents the orbit segment from x. For a sequence of points
{xi}+∞i=−∞ inM and a sequence of positive integers {ni}+∞i=−∞, we call {xi, ni}+∞i=−∞
a δ-pseudo-orbit, if
d(fni(xi), xi+1) < δ
for all i. Given ε > 0, we call a point x ∈M an ε-shadowing point for a pseudo-orbit{
xi, ni
}+∞
i=−∞, if d
(
f ci+j(x), f j(xi)
)
< ε, ∀ j = 0, 1, 2, · · · , ni − 1 and ∀ i ∈ Z,
where ci is defined as
(10) ci =

0, for i = 0∑i−1
j=0 nj , for i > 0
−∑−1j=i nj , for i < 0.
Now we state shadowing lemma and closing lemma on nonempty Pesin blocks
(Nonempty discussion will appear in next subsection).
Theorem 4.10. (Shadowing lemma) If Λk(K, ζ) 6= ∅ for some parameters k, K ∈
N and ζ > 0, then Λk(K, ζ) satisfies the following shadowing property. For ∀ ε > 0,
there exists δ > 0 such that if a δ-pseudo-orbit {xi, ni}+∞i=−∞ satisfies ni ≥ 2kK
and xi, f
ni(xi) ∈ Λk(K, ζ) for all i, then there exists a unique ε-shadowing point
x ∈ M for {xi, ni}+∞i=−∞. If further {xi, ni}+∞i=−∞ is periodic, i.e., there exists an
m > 0 such that xi+m = xi and ni+m = ni for all i, then the shadowing point x
can be chosen to be periodic.
To complete the proof of Theorem 4.10, we need Liao’s closing lemma [46] and its
generalization by Gan [26]. Before that we need to a concept of quasi-hyperbolic
pseudo-orbit. Let ζ > 0, e ∈ Z+, δ > 0. Given a sequence of orbit segments
{xi, ni}+∞i=−∞, we call {xi, ni}+∞i=−∞ a (ζ, e)-quasi-hyperbolic δ-pseudo-orbit with
respect to splittings TxiM = E(xi)⊕F (xi), if {xi, ni}+∞i=−∞ is a δ-pseudo-orbit and
every orbit segment {xi, ni} is a (ζ, e)-quasi-hyperbolic orbit segment with respect
to the i-th splitting TxiM = E(xi)⊕F (xi). Now we state Liao’ closing lemma [46]
and its generalization, shadowing lemma [26].
Lemma 4.11. ( [26, 46]) For any ζ > 0, e ∈ Z+, there exist L > 0, d0 > 0 with
following property for any d ∈ (0, d0]. If for a (ζ, e)-quasi-hyperbolic d-pseudo-orbit
{xi, ni}+∞i=−∞ with respect to Df−invariant splittings TxiM = E(xi) ⊕ F (xi), one
has
Dfni(ξ(xi)) ∩ T#M ⊆ U(ξ(xi+1) ∩ T#M,d) (ξ = E,F ), for all i,(11)
then there exists a unique Ld-shadowing point x ∈M for {xi, ni}+∞i=−∞.
Moreover, if {xi, ni}+∞i=−∞ is periodic, i.e., there exists an m > 0 such that xi+m =
xi and ni+m = ni for all i, then the shadowing point x can be chosen to be periodic
with period cm, where ci is the same as in (10).
In [26], Lemma 4.11 is stated for the case e = 1 and is assumed dominated
splitting. It is stated [46] for one orbit segment (That is, the particular case of
Lemma 4.11 for m = 1) in the case of flows. Remark that the method there is
still suitable for any e and the proof is almost similar. However, Lemma 4.11 is an
important technique for present article and notice that its proof is very short, so
that we will give a proof in section 10 for completeness.
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Proof of Theorem 4.10 For ζ > 0 and e = (k + 1)K, by Lemma 4.11 there
exist L = L(k,K, ζ) > 0, d0 = d0(k,K, ζ) > 0 with the shadowing property as
stated in Lemma 4.11 for any d ∈ (0, d0].
Now we consider d < εL . By Proposition 4.9, Λk is closed, and the stable sub-
bundle and unstable subbundle in the Oseledec splitting are continuous restricted
on Λk. Take δ ∈ (0, d) such that for all x, y ∈ Λk with d(x, y) < δ we have
Eξx ∩ T#M ⊆ U(Eξy ∩ T#M,d), ξ = s, u.
For a given δ-pseudo-orbit {xi, ni}+∞i=−∞ with xi, fni(xi) ∈ Λk and ni ≥ 2kK(∀i),
we get by Proposition 4.9 that every orbit segment {xi, ni} is (ζ, e) quasi-hyperbolic
orbit segment. So {xi, ni}+∞i=−∞ is a (ζ, e) quasi-hyperbolic d-pseudo-orbit. That
d(fni(xi), xi+1) < δ implies that
Dfni(Eξ(xi)) ∩ T#M ⊆ U(Eξ(xi+1) ∩ T#M,d) (ξ = s, u)for all i.
By Lemma 4.11 there exists a Ld-shadowing point x ∈ M for {xi, ni}+∞i=−∞ and
thus x is also a ε-shadowing point. In particular, if {xi, ni}+∞i=−∞ is periodic, i.e.,
there exists an m > 0 such that xi+m = xi and ni+m = ni for all i, then the point
x can be chosen to be periodic and thus we complete the proof. 
Taking m = 1 from Theorem 4.10, one deduces the closing lemma.
Theorem 4.12. (Closing lemma) If Λk(K, ζ) 6= ∅ for some k, K ∈ N and ζ > 0,
then Λk(K, ζ) satisfies closing property in the following sense. For ∀ε > 0, there
exists δ > 0 such that if for an orbit segment {x, n} with length n ≥ 2kK, one
has x, fn(x) ∈ Λk(K, ζ) and d(x, fn(x)) < δ, then there exists a unique point
z = z(x) ∈M satisfying:
(1) fn(z) = z;
(2) d(f i(x), f i(z)) < ε, i = 0, 1, · · · , n− 1.
A direct application is to find periodic orbits.
Theorem 4.13. Let f ∈ Diff1(M). Suppose that Λk(K, ζ) 6= ∅ for some k, K ∈ N
and ζ > 0 and there exists some point y ∈M and a sequence of {ni} ↑ ∞ such that
fni(y) ∈ Λk(K, ζ). Then the system f has at least one periodic orbit.
Remark that the assumption of this result is a topological or analytical condition
independent of measures and so maybe there are other applications in future.
Proof. Given ǫ > 0, take δ > 0 as Theorem 4.12. If necessary, take a subse-
quence of {ni}, denoted by {mi}, such that mi+1−mi ≥ 2kK. By the compactness
of M, we can take large i < j such that
d(fmi(y), fmj (y)) < δ.
Let x = fmi(x) and n = mj −mi. Then
x, fn(x) ∈ Λk(K, ζ), n ≥ 2kK
and so by Theorem 4.12, f has at least one periodic orbit. 
4.3. Improved Liao-Pesin blocks, stable manifolds and exponential shad-
owing. In this section all statements are independent on measures. The main aim
of this section is preparing stable manifold theorem for proving Theorem 5.16.
4.3.1. Improved Liao-Pesin blocks. If we add dominated condition in the definition
of Liao-Pesin set:
(d)
1
kK
log
‖DfkK |E(f l(x))‖
m(DfkK |F (f l(x)))
≤ −2ζ, ∀ l ∈ Z,
(Remark that K−dominated splitting implies (d) for any ζ ≤ 12K log 2, and (d)
implies kK−dominated for large k), then we can define a new subset of Λk(K, ζ),
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denoted by Λ#k = Λ
#
k (K, ζ). Similarly, one can define Λ
# = Λ#(K, ζ) the maximal
f−invariant subset of ⋃k≥1 Λ#k , meaning
Λ# =
⋂
n∈Z
fn(
⋃
k≥1
Λ#k ).
Note that Λ#k (K, ζ) ⊆ Λk(K, ζ) and Λ#(K, ζ) ⊆ Λ(K, ζ).Moreover, all Λ#k (K, ζ)
(k ≥ 1) also form an increasing sequence of closed subsets of M . Later we will
establish stable manifold theorem and exponential shadowing on Λ#k .
Now let us define a set which bases on the Liao-Pesin block and the points nearby
Liao-Pesin blocks. Let σ > 0. Define Λ∗k(K, ζ, σ) as the union set of Λ
#
k (K, ζ) and
{z ∈M | ∃ pseudo-orbit {xi, ni}+∞i=−∞ satisfying ni ≥ 2kK and xi, fni(xi) ∈
Λ#k (K, ζ) for all i such that z is a σ − shadowing point for {xi, ni}+∞i=−∞}.
4.3.2. Dominated Splitting and (Center) Stable Manifold. Let I1 = (−1, 1) be the
open unit ball and Iǫ = {x ∈ R : |x| < ǫ} the open ǫ−ball. Denote by Emb(I1,M)
the set of C1 embeddings of I1 in M , equipped with the (uniform) C
1 topology.
The following lemma is taken from [32] about the existence of center stable and
unstable manifolds for a dominated splitting.
Lemma 4.14. ( [32])Let ∆ be a closed f−invariant set & there is a dominated
splitting T∆M = E ⊕ F over ∆. There exist two continuous functions θcs : ∆ →
Emb(I1,M) and θ
cu : ∆→ Emb(I1,M) such that the following properties hold:
(a) θcs(x)(0) = x and θcu(x)(0) = x.
(b) TxW
cs
ǫ (x) = E(x) and TxW
cu
ǫ (x) = F (x), where W
cs
ǫ (x) = θ
cs(x)Iǫ and
W cuǫ (x) = θ
cu(x)Iǫ.
(c) For 0 < ǫ1 < 1 there exists 0 < ǫ2 < 1 such that
f(W csǫ2 (x)) ⊆W csǫ1 (f(x))
and
f−1(W cuǫ2 (x)) ⊆W cuǫ1 (f−1(x))
for all x ∈ ∆.
The manifoldW cs is called the (local) center stable manifold andW cu the (local)
center unstable manifold. They are only locally invariant. Generally, this kind of
invariant manifold is not unique. So when we use center invariant manifolds for
analysis, we will (henceforth) fix a family in discs in Lemma 4.14. The following
corollary is a direct consequence of the continuity of W cs/cu(x).
Corollary 4.15. Let ∆ be a closed f−invariant set & there is a dominated splitting
T∆M = E⊕F over ∆. Then there exists ǫ0 > 0 such that for any 0 < ǫ ≤ ǫ0, there
exists δ = δ(ǫ) such that for any x, y ∈ ∆, if d(x, y) < δ, then W csǫ (x) and W cuǫ (y)
are transversal and have a unique intersection point.
Furthermore, we also have such a corollary directly from condition (c) in Lemma
4.14 and the continuity of W cs/cu(x).
Corollary 4.16. Let ∆ be a closed f−invariant set & there is a dominated splitting
T∆M = E⊕F over ∆. Then there exists ǫ0 > 0 such that for any 0 < ǫ ≤ ǫ0, there
exists δ = δ(ǫ) such that for any x ∈ ∆,
a) if y ∈ W csǫ (x) and d(f−1(x), f−1(y)) < δ then f−1(y) ∈ W cuǫ (f−1(x));
b) if y ∈ W cuǫ (x) and d(f(x), f(y)) < δ then f(y) ∈W cuǫ (f(x)).
Now let us consider whenever the center stable and unstable manifold are the
truth ones.
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Proposition 4.17. Let ∆ be a closed f−invariant set & there is a dominated
splitting T∆M = E ⊕ F over ∆. For K ∈ N, C > 0 and 0 < λ < λ¯ < 1, there exist
ǫ0 = ǫ(K,C, λ, λ¯) > 0 and C¯ = C¯(K,C, λ¯) ≥ 1 such that if for x ∈ ∆, there is a
two-sided sequence of integers
· · · < t−2 < t−1 < t0 = 0 < t1 < t2 < · · ·
with ti − ti−1 ≤ K for all i satisfying
i−1∏
j=0
‖Df tj+1−tj |E(ftj (x))‖ ≤ Cλti
and
−i+1∏
j=0
‖Df tj−1−tj |F (ftj (x))‖ ≤ Cλ−t−i
(in other words,
−1∏
j=−i
m(Df tj+1−tj |F (ftj (x))) ≥ Cλt−i)
for all i ∈ N, then for any 0 < ǫ ≤ ǫ0
diam(fnW csǫ (x))→n 0 and diam(f−nW cuǫ (x))→n 0,
i.e., the center stable manifold of size ǫ is in fact a stable manifold and the center
unstable manifold of size ǫ is in fact an unstable manifold. Moreover, for all n ≥ 1,
diam(fnW csǫ (x))
diam(W csǫ (x))
≤ C¯λ¯n
and
diam(f−nW cuǫ (x))
diam(W cuǫ (x))
≤ C¯λ¯n.
Proof of Proposition 4.17 Let ∆ be a compact invariant set and T∆M = E⊕F
be a Df−invariant dominated splitting over ∆. By Lemma 4.14 the center stable
and unstable manifolds exist. Here fix a small constant τ ∈ (1, λ¯λ ). One chooses a
small constant δ > 0 such that for any x ∈ ∆, any point y ∈ W cs1 (x) with d(x, y) < δ
and any vector v ∈ TyW cs1 (x) and 1 ≤ j ≤ L we have
‖Dyf j · v‖ ≤ τ j ‖Df j|E(x)‖ · ‖v‖.
Let Cf > 1 be a bound on the norm of the derivative Df . Define
C¯ = max{CKf · C · λ¯−K , 1}.
Let ǫ0 > 0 small enough such that
diam(W cs/cuǫ0 (y) <
δ
C¯
for all y ∈ ∆. Let 0 < ǫ ≤ ǫ0. Write n = ti + q where 0 ≤ q < ti+1 − ti ≤ K.Since
i−1∏
j=0
‖Df tj+1−tj |E(ftj (x))‖ ≤ Cλti ,
then one deduces inductively on n,
diam(fnW csǫ (x))
≤ Cqf · Πi−1j=0τ (tj+1−tj) ‖Df tj+1−tj |E(ftj (x))‖ · diam(Wusǫ (x))
≤ CKf · τ ti · Cλti · diam(Wusǫ (x))
≤ C¯λ¯n · diam(W csǫ (x)).
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Note that
diam(fnW csǫ (x)) ≤ C¯λ¯n ·
δ
C¯
= λ¯n · δ ≤ δ,
so that the induction can go on and on. Moreover,
diam(fnW csǫ (x)) ≤ λ¯n · δ,
which goes to 0 as n→ +∞.
Similarly, one has get the result for the unstable manifold. 
Remark 4.18. Similar discussions in this subsection for C1 surface diffeomorphisms
also appeared in [56, 27].
4.3.3. Uniform size of Stable Manifolds on Liao-Pesin blocks. Note that
we do not know whether improved Liao-Pesin set Λ# has dominated splitting.
However, From condition (d) in the definition of Liao-Pesin block Λ#k , the two
bundles are dominated on invariant set⋃
l∈Z
f l(Λ#k )
and then on its closure, since dominated property can always be extended on the
closure even neighborhoods. Thus, one can get the following corollary from Propo-
sition 4.17, which shows that for every Pesin block Λ#k , the (un)stable manifolds of
all x ∈ Λ#k exist and have uniform length.
Proposition 4.19. (Stable Manifold on Λ#k )
For K ∈ N, ζ > ζ¯ > 0 and k ≥ 1, there exist ǫ0 = ǫ(K, ζ, ζ¯, k) > 0 and C¯ =
C¯(K, k, ζ, ζ¯) ≥ 1 such that for any 0 < ǫ ≤ ǫ0 and for all x ∈ Λ#k = Λ#k (K, ζ), diam
(fnW csǫ (x))→n 0 and diam (f−nW cuǫ (x))→n 0, i.e., the center stable manifold of
size ǫ is in fact a stable manifold and the center unstable manifold of size ǫ is in
fact an unstable manifold. Moreover, for all n ≥ 1,
diam(fnW csǫ (x))
diam(W csǫ (x))
≤ C¯e−ζ¯n
and
diam(f−nW cuǫ (x))
diam(W cuǫ (x))
≤ C¯e−ζ¯n.
Proof of Proposition 4.19 Let ∆ := ∪l∈Zf l(Λ#k ). Clearly ∆ is a compact
invariant set and T∆M = E ⊕ F be a Df−invariant dominated splitting over ∆,
due to condition (d) in the definition of improved Liao-Pesin block Λ#k .
Let λ := λ(ζ) = e−ζ, λ¯ := λ¯(ζ¯) = e−ζ¯ and define C := C(ζ, k,K) = {eζ ·Cf}kK
where Cf > 1 be a bound on the norm of the derivative Df . Then for x ∈ Λ#k , by
the first and second condition in the definition of Λ#k one has
Πl−1i=0‖DfK |E(fiKx)‖ ≤ Cλ−lK
and
Πl−1i=0‖Df−K |E(f−iKx)‖ ≤ Cλ−lK
for all l ≥ 1. Clearly for all x ∈ Λ#k , the sequence in Proposition 4.17 can always be
chosen {ti = iK}+∞i=−∞. So using Proposition 4.17, the stable and unstable manifolds
on Λ#k can be chosen of uniform size only dependent on K,C, λ, λ¯ and thus only
dependent on K, ζ, ζ¯, k. So we can complete the proof. 
Moreover, we can get uniform size for stable and unstable manifolds for all points
in Λ∗k(K, ζ, σ) if σ is small enough.
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Proposition 4.20. (Stable Manifold on Λ∗k)
For K ∈ N, ζ > ζ¯ > 0 and k ≥ 1, there exist σ = σ(K, ζ, ζ¯, k) > 0, ǫ0 =
ǫ(K, ζ, ζ¯, k) > 0 and C¯ = C¯(K, k, ζ, ζ¯) > 0 such that
(1) For any 0 < ǫ ≤ ǫ0 and for all x ∈ Λ∗k(K, ζ, σ), diam (fnW csǫ (x)) →n 0 and
diam (f−nW cuǫ (x))→n 0, i.e., the center stable manifold of size ǫ is in fact a stable
manifold and the center unstable manifold of size ǫ is in fact an unstable manifold.
Moreover, for all n ≥ 1,
diam(fnW csǫ (x))
diam(W csǫ (x))
≤ C¯e−ζ¯n
and
diam(f−nW cuǫ (x))
diam(W cuǫ (x))
≤ C¯e−ζ¯n.
(2) For any 0 < ǫ ≤ ǫ0, there exists δ = δ(ǫ) such that for any x, y ∈ Λ∗k(K, ζ, σ) if
d(x, y) < δ, then W csǫ (x) and W
cu
ǫ (y) are transversal and have a unique intersection
point, and thus the stable manifold and unstable manifold are transversal and have
a intersection point.
Proof Let ǫ10 = ǫ0(ζ, ζ¯, k,K) and C¯1 = C¯(K, k, ζ, ζ¯) > 0 be the ǫ0 and C¯ as
in Proposition 4.19 and thus the center stable and center unstable manifolds of all
x ∈ Λ#k (K, ζ) are the truth stable and unstable manifolds, and their sizes are at
least ǫ10.
Let ∆1 := ∪l∈Zf l(Λ#k ). Clearly ∆1 is a compact invariant set and T∆1M =
E ⊕ F be a Df−invariant dominated splitting over ∆1, due to condition (c) in
the definition of Pesin block Λ#k . Since dominated property can be extended to
its neighborhoods (see [12]), we can take an open neighborhood U = B∆1(τ) =
{x | d(x,∆1) < τ} (for some small τ > 0) of ∆1 such that the splitting is extended
and dominated on ∆ := ∩n∈Zfn(U). Take and fix ζ > ζˆ > ζ¯. Let λ := λ(ζˆ) = e−ζˆ ,
λ¯ := λ¯(ζ¯) = e−ζ¯ and define C := C(ζ, k,K) = {eζˆ ·Cf}kK where Cf > 1 be a bound
on the norm of the derivative Df . Let ǫ20 = ǫ0(λ, λ¯, C,K) and C¯2 = C¯(λ¯, C,K) > 0
be the ǫ0 and C¯ as in Proposition 4.17 for this ∆.
Note that dominated splitting is always continuous (see [12]). So we can take
γ > 0 small enough such that if for any x, y ∈ ∆, if d(x, y) < γ, then for all
1 ≤ i ≤ K,
ei(ζˆ−ζ) ≤ ‖Df
i|E(x)‖
‖Df i|E(y)‖ ,
‖Df i|F (x)‖
‖Df i|F (y)‖ ≤ e
i(ζ−ζˆ).(12)
Take σ = min{τ, γ}. If z ∈M and there exists pseudo-orbit {xi, ni}+∞i=−∞ satisfying
ni ≥ 2kK and xi, fni(xi) ∈ Λ#k (K, ζ)(∀ i) such that z is a σ-shadowing point for
{xi, ni}+∞i=−∞. d
(
f ci+j(z), f j(xi)
) ≤ σ ≤ τ implies that the orbit of z is contained
in the τ−neighborhood U of ∆1, and thus z ∈ ∆. Since xi, fni(xi) ∈ Λ#k (K, ζ)
and d
(
f ci+j(z), f j(xi)
) ≤ σ ≤ γ, it is easy to verify, using inequality (12), that
z satisfies the condition as in Proposition 4.17 for the above λ and C. So by the
choice of ǫ20, the center stable and center unstable manifolds of all such points z
above are the truth stable and unstable manifolds, and their sizes are at least ǫ20.
Using Corollary 4.15 for the above set ∆, there exists 0 < ǫ0 ≤ min{ǫ10, ǫ20}
such that for any 0 < ǫ ≤ ǫ0, there exists δ = δ(ǫ) such that for any x, y ∈ ∆, if
d(x, y) < δ, thenW csǫ (x) andW
cu
ǫ (y) are transversal and have a unique intersection
point. Clearly, C¯ can be chosen max{C¯1, C¯2}.
Since ǫ0 ≤ min{ǫ10, ǫ20}, then for any 0 < ǫ ≤ ǫ0, the center stable and center
unstable manifolds of all x ∈ Λ∗k(K, ζ, σ) are truth stable and unstable manifold,
and their sizes are at least ǫ. Note that Λ∗k(K, ζ, σ) ⊆ ∆. Thus for any x, y ∈
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Λ∗k(K, ζ, σ) ⊆ ∆, if d(x, y) < δ, then the stable manifold W csǫ (x) and unstable
manifold W cuǫ (y) are transversal and have a unique intersection point. 
Remark 4.21. The discussion of stable manifold for hyperbolic ergodic measures
whose Oseledec splitting is dominated also appeared in [1] for the existence of stable
manifold for a.e. points. Here in our paper we give a clear and definite filtration of
blocks, called Liao-Pesin blocks, such that every block has stable manifold theorem
and simultaneously has (exponential) shadowing lemma. Here the definition is from
topological viewpoint and independent of invariant measures.
Furthermore, we point out that from the above proof, if σ is small enough, one
can get a strong relation of Λ∗k and Λ
#
k as follows.
Proposition 4.22. For K ∈ N, ζ > ζ¯ > 0 and k ≥ 1, there is a small enough
number σ > 0 and an integer k¯ such that Λ∗k(K, ζ, σ) ⊆ Λ#k¯ (K, ζ¯).
Remark. Note that the choice of k¯ is only dependent on k,K, ζ, ζ¯, though
in particular Λ∗k(K, ζ, σ) contains periodic points with arbitrarily large period. In
other words, the choice of k¯ is independent of the period of all periodic points in
Λ∗k(K, ζ, σ).
Proof. Let us use the same notions as in Proposition 4.20 and we only prove
the first condition of Pesin block. From the proof of Proposition 4.20, if σ is small
enough, using inequality (12) and the definition of Λ∗k(K, ζ, σ) we have
log ‖Df r|E(fci (z))‖+
∑l−1
j=0 log ‖DfK |E(fjK+r(fci (z)))‖
lK + r
≤ −ζˆ,
∀ k ≤ l ≤ [niK ] , ∀ 0 ≤ r ≤ K − 1. This implies that if ci + kK ≤ lK + r ≤ ci+1
then
log ‖Df r|E(z))‖+
∑l−1
j=0 log ‖DfK |E(fjK+r(z)))‖
lK + r
≤ −ζˆ ≤ −ζ¯.
To realize this inequality for ∀ l ≥ k¯ , ∀ 0 ≤ r ≤ K − 1 where k¯ is a constant,
we only need to consider l satisfying ci < lK + r < ci + kK. It is easy to see that
log ‖Df r|E(z))‖+
∑l−1
j=0 log ‖DfK |E(fjK+r(z)))‖
lK + r
≤ −([
ci−r
K ]K + r)ζˆ + (k + 1)KCf
lK + r
≤ −((l − k − 1)K + r)ζˆ + (k + 1)KCf
lK + r
.
Take
k¯ = max{k, (k + 1)K(ζˆ + Cf ) +Kζ¯
ζˆ − ζ¯ }.
Then for ∀ l ≥ k¯ , ∀ 0 ≤ r ≤ K − 1,
log ‖Df r|E(z))‖+
∑l−1
j=0 log ‖DfK |E(fjK+r(z)))‖
lK + r
≤ −ζ¯.

4.3.4. Exponential shadowing and closing lemma. Given θ > 0 and η > 0, we
call a point x ∈ M an exponential (η, θ)-shadowing point for a pseudo-orbit{
xi, ni
}+∞
i=−∞, if
d
(
f ci+j(x), f j(xi)
)
< η · e−min{j,ni−j}θ,
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∀ j = 0, 1, 2, · · · , ni − 1 and ∀ i ∈ Z, where ci is defined as
(13) ci =

0, for i = 0∑i−1
j=0 nj , for i > 0
−∑−1j=i nj , for i < 0.
We firstly state exponential shadowing for C1+α systems which can be as a
particular consequence of Lemma 4.1.
Proposition 4.23. (Exponential shadowing lemma in C1+α case)
Let f : M → M be a C1+α diffeomorphism, with a non-empty Pesin block Λk =
Λk(λ, µ; ε) and fixed parameters, λ, µ ≫ ε > 0, k ≥ 1. For ∀ η > 0, there exists
δ = δ(k, η) > 0 such that if a δ-pseudo-orbit {xi, ni}+∞i=−∞ satisfies ni ≥ 1 and
xi, f
ni(xi) ∈ Λk for all i, then there exists a unique exponential (η, ε)-shadowing
point x ∈M for {xi, ni}+∞i=−∞.
If further {xi, ni}+∞i=−∞ is periodic, i.e., there exists an integer m > 0 such that
xi+m = xi and ni+m = ni for all i, then the shadowing point x can be chosen to be
periodic.
Proof. For given η > 0, take τ = ηε0 in Lemma 4.1. Then there exists a sequence
(δk)
+∞
k=1 such that for any (δk)
+∞
k=1 pseudo-orbit there exists a unique τ -shadowing
point. Here we take δ = δk+1 and consider a δ-pseudo-orbit {xi, ni}+∞i=−∞ satisfies
ni ≥ 1 and xi, fni(xi) ∈ Λk for all i.
Recall the property of Pesin blocks that Λk, f
±1(Λk) ⊆ Λk+1. Thus, if u ∈ Λk,
then f j(u) ∈ Λk+|j|, ∀ i ∈ Z. Note that
xi, f
ni(xi) ∈ Λk
imply
· · · , xi ∈ Λk+1, f(xi) ∈ Λk+2, · · · , f j(xi) ∈ Λmin{k+j+1,k+ni−j},
· · · , fni−1(xi) ∈ Λk+1, xi+1 ∈ Λk, · · ·
and d(fni(xi), xi+1) < δ implies
d(fni(xi), xi+1) < δk+1
so that the above points form a (δk)
+∞
k=1 pseudo-orbit. Then there exists a unique
τ -shadowing point z. It is easy to check that z is the needed exponential (η, ε)-
shadowing point for {xi, ni}+∞i=−∞. More precisely,
d
(
f ci+j(z), f j(xi)
)
< τεk = τε0e
−min{k+j,k+ni−j}ε < η · e−min{j,ni−j}ε,
∀ j = 0, 1, 2, · · · , ni − 1 and ∀ i ∈ Z. 
Secondly, we state exponential shadowing in C1 setting. That is, we show expo-
nential shadowing property on Liao-Pesin blocks.
Proposition 4.24. (Exponential shadowing property on Liao-Pesin blocks)
Assume Λ#k (K, ζ) 6= ∅ for some k, K ∈ N and ζ > 0. Then Λ#k (K, ζ) satisfies
exponential shadowing property as follows:
there is θ > 0 and Tk = T (k,K, ζ) > 0 such that for ∀ η > 0, there exists δ =
δ(k,K, ζ, η) > 0 such that if a δ-pseudo-orbit {xi, ni}+∞i=−∞ satisfies ni ≥ Tk and
xi, f
ni(xi) ∈ Λ#k for all i, then there exists a unique exponential (η, θ)-shadowing
point x ∈M for {xi, ni}+∞i=−∞.
If further {xi, ni}+∞i=−∞ is periodic, i.e., there exists an integer m > 0 such that
xi+m = xi and ni+m = ni for all i, then the shadowing point x can be chosen to be
periodic. Moreover, the periodic orbit should be hyperbolic.
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Remark 4.25. In fact, the shadowing can be stated stronger to be Lipschitz shad-
owing. That is, there exists Lk > 0, δk > 0 such that for any 0 < δ < δk if a
δ-pseudo-orbit {xi, ni}+∞i=−∞ satisfies ni ≥ 2kK and xi, fni(xi) ∈ Λ#k (K, ζ) for all
i, then there exists a Lkδ-shadowing point x ∈ M for {xi, ni}+∞i=−∞. The main
observation is that the used technique is Liao’s shadowing lemma [46, 26] for quasi-
hyperbolic orbit segments and Liao’s shadowing lemma can be Lipschitz.
Using Theorem 4.10 and Proposition 4.20, we start to prove exponential shad-
owing property.
Proof of Proposition 4.24 Let ζ¯, σ = σ(K, ζ, ζ¯, k) > 0, ǫ0 = ǫ(K, ζ, ζ¯, k) > 0
and C¯ = C¯(K, k, ζ, ζ¯) > 0 be the numbers as in Proposition 4.20. Moreover, let ∆
be the invariant set in the proof of Proposition 4.20, which contains Λ∗k(K, ζ, σ).
For any fixed η ∈ (0, σ), take ǫ = ǫ(η) > 0 small enough such that
diam(W cs/cuǫ (y) <
η
2C¯
for all y ∈ ∆. By Corollary 4.16, for this ǫ we can take b1 = b1(ǫ) ∈ (0, η) such that
for x ∈ ∆, if y ∈W cuǫ (x) and d(f(x), f(y)) < b1 then f(y) ∈ W cuǫ (f(x)).
For b1, take ǫ∗ = ǫ(b1) > 0 small enough such that
diam(W cs/cuǫ∗ (y) <
b1
2C¯
for all y ∈ ∆. Moreover, by Proposition 4.20, we can take a positive number b2 =
b2(ǫ∗) < min{ b12 , σ} such that for any x, y ∈ Λ∗k(K, ζ, σ) if d(x, y) < b2, thenW csǫ∗ (x)
and W cuǫ∗ (y) are transversal and have a unique intersection point.
By Theorem 4.10, for b2 there exists δ = δ(b2) > 0 such that if a δ-pseudo-orbit
{xi, ni}+∞i=−∞ satisfies ni ≥ 2kK and xi, fni(xi) ∈ Λ#k (K, ζ) for all i, then there
exists a b2-shadowing point x ∈ M for {xi, ni}+∞i=−∞. If further {xi, ni}+∞i=−∞ is
periodic, i.e., there exists an m > 0 such that xi+m = xi and ni+m = ni for all i,
then the shadowing point x can be chosen to be periodic. Since b2 < σ, the periodic
point x should be in Λ∗k. By Proposition 4.22, x is in Λ
#
k¯
for some integer k¯. So the
periodic point x should be hyperbolic.
Now let us prove that the shadowing is exponential. We only need to prove for
orbit segment {x0, n0}, {x, n0} is exponential shadowing {x0, n0}, since the others
are similar. That b2 < σ implies x ∈ Λ∗k(K, ζ, σ). Notice that d(x0, x) < b2 and
x0 ∈ Λ#k (K, ζ) ⊆ Λ∗k(K, ζ, σ). So W csǫ∗ (x0) and W cuǫ∗ (x) are transversal and have
a unique intersection point y ∈ M . Since x0 ∈ Λ∗k(K, ζ, σ) and y ∈ W csǫ∗ (x0), by
Proposition 4.20 we have
d(f j(x0), f
j(y)) ≤ diam(fnW csǫ∗ (x0)) ≤ C¯e−ζ¯jdiam(W csǫ∗ (x0)) ≤
b1
2
e−ζ¯j ,
j = 0, 1, · · · , n0. Combing this inequality with d(f j(x0), f j(x)) ≤ b2 < b12 , j =
0, 1, · · · , n0, we have
d(f j(x), f j(y)) ≤ d(f j(x0), f j(x)) + d(f j(x0), f j(y)) ≤ b1, j = 0, 1, · · · , n0.
From the choice of b1 and f
j(x) ∈ f j(Λ∗k(K, ζ, σ)) ⊆ f j(∆) = ∆, by induction
it is easy to get f j(y) ∈ W cuǫ (f j(x)) j = 0, 1, · · · , n0. Note that fn0(x) is also in
Λ∗k(K, ζ, σ). Using f
n0(y) ∈ W cuǫ (fn0(x)), by Proposition 4.20 one can get
d(f j(x), f j(y)) ≤ diam(f (n0−j)W cuǫ (x0)) ≤ C¯e−ζ¯(n0−j)diam(W cuǫ (x0)) ≤
η
2e
−ζ¯(n0−j), j = 0, 1, · · · , n0. So
d(f j(x0), f
j(x)) ≤ d(f j(x0), f j(y)) + d(f j(x), f j(y))
≤ (η
2
+
b1
2
)max{e−ζ¯j , e−ζ¯(n0−j)} ≤ ηmax{e−ζ¯j , e−ζ¯(n0−j)}, j = 0, 1, · · · , n0.
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Take θ = ζ¯ and we complete the proof. 
Remark 4.26. Recently we notice an improved version of Liao’s closing lemma by
Dai [23]. This kind of closing is exponential closing for one quasi-hyperbolic orbit
segment so that one can use his result (Theorem 2 of [23]) to replace the role of
Lemma 4.11 and then exponential closing should hold on Λk, not just on its subset
Λ#k . Moreover, using the idea of [23] it should be straightforward to get exponential
shadowing for finite and infinite quasi-hyperbolic orbit segments so that one can
also get exponential shadowing on Λk, not just on Λ
#
k . This method avoids the
use of stable manifold. However, for dealing with the results of present paper, our
above analysis on Λ#k are enough so that we just give a remark here.
Remark that the statement of Proposition 4.24 is little weaker than Proposition
4.23 because in Proposition 4.24 we require that the length of every segment {xi, ni}
is at least Tk. So it is not convenient to find periodic orbit with small period. But
in general, these small details do not infect the establishment of most Pesin theory.
On the other hand, exponential shadowing is just as one special case of Katok’s
shadowing (Lemma 4.1). It is because exponential shadowing is just suitable for
the orbit segments whose beginning and ending points are in the fixed Liao-Pesin
block. That is, exponential shadowing is a partial answer of Question 4.4. Thus a
natural question aries:
Question. How about the shadowing for orbit segments whose beginning and
ending points are from different Liao-Pesin blocks?
5. Existence of Liao-Pesin set
What systems does Liao-Pesin set exist in? In this section we answer this ques-
tion in certain C1 systems.
5.1. Average-nonuniform hyperbolicity and (limit-)dominated splitting.
Firstly let us give a topological condition to get Pesin set.
Theorem 5.1. Let ∆ be an f−invariant set and T∆M = E⊕F be a Df−invariant
splitting on ∆. If T∆M = E ⊕ F is limit-dominated on ∆ and ∆ is an average-
nonuniformly hyperbolic set corresponding to T∆M = E ⊕ F , then there is some
ζ0 > 0 and K ≥ 1 such that for any χ ∈ (0, ζ0),
∆ ⊆ Λ(K,χ).
If further the splitting T∆M = E ⊕ F is dominated, then one can take ζ0 > 0 and
K ≥ 1 such that for any χ ∈ (0, ζ0),
∆ ⊆ Λ#(K,χ).
Suppose that the limit-domination holds for S ≥ 1 and ζ1 > 0 in the sense that
lim sup
l→+∞
1
S
log
‖DfS|E(f l(x))‖
m(DfS |F (f l(x)))
≤ −2ζ1, ∀x ∈ ∆.
And suppose ∆ is an average-nonuniformly hyperbolic set with (S′, ζ2)-degree cor-
responding to T∆M = E ⊕ F for some S′ ≥ 1 and ζ2 > 0. Take ζ0 = min{ζ1, ζ2}.
By sub-multiplication of norms, for K = S · S′, it should satisfy that
lim sup
l→+∞
1
K
log
‖DfK |E(f l(x))‖
m(DfK |F (f l(x)))
≤ −2ζ1, ∀x ∈ ∆,
and ∆ is an average-nonuniformly hyperbolic set with (K, ζ0)-degree corresponding
to T∆M = E ⊕ F . So we can suppose (limit-)domination and average-nonuniform
hyperbolicity for common “degrees” and then we can state Theorem 5.1 as follows.
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Theorem 5.2. Let ∆ be an f−invariant set and T∆M = E⊕F be a Df−invariant
splitting on ∆. Let K ∈ Z+ and ζ0 > 0. Suppose that ∆ is an average-nonuniformly
hyperbolic set with (K, ζ0)-degree corresponding to T∆M = E⊕F and suppose that
T∆M = E ⊕ F is limit-dominated on ∆ in the sense that
lim sup
l→+∞
1
K
log
‖DfK |E(f l(x))‖
m(DfK |F (f l(x)))
≤ −2ζ0, ∀x ∈ ∆.
Then for any χ ∈ (0, ζ0),
∆ ⊆ Λ(K,χ).
If further the splitting T∆M = E ⊕ F is dominated in the sense that
1
K
log
‖DfK |E(x)‖
m(DfK |F (x))
≤ −2ζ0, ∀x ∈ ∆,
then for any χ ∈ (0, ζ0),
∆ ⊆ Λ#(K,χ).
Proof. Fix χ ∈ (0, ζ0). Note that the assumption of domination implies the
condition (d) in the definition of Pesin set Λ#(K,χ). So we only need to show the
first part: ∆ ⊆ Λ(K,χ). Before that we firstly state a basic fact.
Lemma 5.3. Let ∆ ⊆M be an invariant set and E be a Df -invariant bundle over
∆. Then for any x ∈ ∆, any K ≥ 1,
lim sup
n→+∞
1
n
log ‖Dfn|E(x)‖ ≤ lim sup
l→+∞
1
lK
l−1∑
i=0
log ‖DfK |E(fiK(x))‖.
The case lim inf is also true. Similar inverse estimates hold for the case of minimal
norm.
Proof. Write n = lK + r, 0 ≤ r < K. From the sub-additional multiplication of
norms,
lim sup
n→+∞
1
n
log ‖Dfn|E(x)‖
≤ max
0≤r<K
lim sup
l→+∞
∑l−1
j=0 log ‖DfK |E(fjK(x))‖+ log ‖Df r|E(f lKx)‖
lK + r
= lim sup
l→+∞
1
lK
l−1∑
i=0
log ‖DfK |E(fiK(x))‖.

Given x ∈ ∆, by the average-nonuniformly hyperbolic assumption and invariance
of ∆, for any r ∈ Z, we have
lim sup
l→+∞
l−1∑
j=0
log ‖DfK |E(fjK(frx))‖
lK
< −χ, lim inf
l→+∞
−1∑
j=−l
logm(DfK |F (fjK(x)))
lK
> χ.
By the boundary of Df,Df−1, these imply that for ∀ 0 ≤ r ≤ K − 1,
lim sup
l→+∞
log ‖Df r|E(x)‖+
∑l−1
j=0 log ‖DfK |E(fjK+r(x))‖
lK + r
= lim sup
l→+∞
l−1∑
j=0
log ‖DfK |E(fjK(frx))‖
lK
< −χ,
(14)
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lim inf
l→+∞
logm(Df r|F (f−(lK+r)(x))) +
∑−1
j=−l logm(Df
K |F (fjK(x)))
lK + r
= lim inf
l→+∞
−1∑
j=−l
logm(DfK |F (fjK(x)))
lK
> χ.
(15)
By Lemma 5.3,
lim sup
n→+∞
1
n
log
‖Dfn|E(x)‖
m(Dfn|F (x))
≤ lim sup
n→+∞
1
n
log ‖Dfn|E(x)‖ − lim inf
n→+∞
1
n
logm(Dfn|F (x))
≤ lim sup
l→+∞
l−1∑
j=0
log ‖DfK |E(fjK(x))‖
lK
− lim inf
l→+∞
−1∑
j=−l
logm(DfK |F (fjK(x)))
lK
< −2χ.
(16)
By (14) and (15) there exists k1 = k1(x) such that for all l ≥ k1, ∀ 0 ≤ r ≤ K−1,
one has
log ‖Df r|E(x)‖+
∑l−1
j=0 log ‖DfK |E(fjK+r(x))‖
lK + r
≤ −χ,
logm(Df r|F (f−(lK+r)(x))) +
∑−1
j=−l logm(Df
K |F (fjK(x)))
lK + r
≥ χ.
Since the splitting E ⊕ F is limit-dominated, by assumption we can choose k2 =
k2(x) such that for all l ≥ k2K,
1
K
log
‖DfK |E(f l(x))‖
m(DfK |F (f l(x)))
≤ −2χ.
Using the inequality (16) there exists k3 = k3(x) such that for all l ≥ k3 and
r = 0, 1, · · · ,K − 1,
1
lK + r
log
‖Df lK+r|E(x)‖
m(Df lK+r|F (x))
≤ −2χ.
Take k ≥ max{k1, k2, k3} and then the three conditions in Definition 4.5 hold.
Hence x ∈ Λk(K, χ) 6= ∅. Recall that the Pesin set Λ(K, χ) is the maximal f -
invariant set in
⋃
k≥1 Λk(K, χ) and ∆ is f -invariant, one has ∆ ⊆ Λ(K, χ). 
If ∆ is compact and the splitting is dominated (or just continuous), then the
average-nonuniformly hyperbolic assumption implies that ∆ is uniformly hyper-
bolic. In fact the assumption can be weakened as nonzero Lyapunov exponents.
Moreover, it is enough to just assume on a subset with totally full measure (full
measure for any invariant measure), not necessarily assuming for all points [17].
Theorem 5.4. Let f : M → M be a C1 local diffeomorphism on a compact man-
ifold and let Λ be a compact and f−invariant set. Suppose that there exists a
continuous Df -invariant splitting TΛM = E ⊕ F . If the Lyapunov exponents re-
stricted on E and F of every f invariant probability measure are all negative and
positive respectively, then Λ is uniformly hyperbolic.
Except the compactness of Λ, the continuity of splitting is important and there
are examples [18] that all Lyapunov exponents are far from zero but the system
is not uniformly hyperbolic, which does not admit a continuous (or dominated)
splitting. However, it is interesting to ask how about the case that TΛM = E ⊕ F
is just limit-dominated.
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By Theorem 5.1 and Proposition 4.24 and 4.20, we can state shadowing for any
probability measures without assumption of invariance or ergodicity.
Theorem 5.5. Let f ∈ Diff1(M) and µ ∈ M(M). Suppose that there is a Df -
invariant dominated splitting T∆M = E ⊕ F on an f -invariant set ∆ with µ full
measure and µ is average-nonuniformly hyperbolic with respect to to this splitting.
Then for each τ ∈ (0, 1), there exist a compact set Λτ ⊆ M , θτ > 0 and Tτ ∈ N
such that µ(Λτ ) > 1− τ and following two properties hold:
(i) (Exponentially) Shadowing Lemma: For ∀ η > 0, there exists δ = δ(τ, η) > 0
such that if a δ-pseudo-orbit {xi, ni}+∞i=−∞ satisfies ni ≥ Tτ and xi, fni(xi) ∈ Λτ
for all i, then there exists a unique exponentially (η, θτ )-shadowing point x ∈ M
for {xi, ni}+∞i=−∞. If further {xi, ni}+∞i=−∞ is periodic, i.e., there exists an integer
m > 0 such that xi+m = xi and ni+m = ni for all i, then the shadowing point x
can be chosen to be periodic.
(ii) Stable Manifold Theorem: There exists σ > 0 such that all points in Λ∗τ (σ)
have uniform sizes of stable and unstable manifolds, where Λ∗τ (σ) denotes the union
of Λτ and the set
{z ∈M | ∃ pseudo-orbit {xi, ni}+∞i=−∞ satisfying ni ≥ Tτ and xi, fni(xi) ∈ Λτ
for all i such that z is a σ − shadowing point for {xi, ni}+∞i=−∞}.
Moreover, if x, y ∈ Λ∗τ (σ) are close enough, then the (local) stable manifold at x is
transverse to the (local) unstable manifold of y.
Proof of Theorem 5.5 By assumption we can take an f -invariant set ∆′ ⊆
such that T∆M = E⊕F is dominated on ∆′, ∆′ is average-nonuniformly hyperbolic
with respect to this splitting and ∆′ has µ full measure. Fix τ > 0. By Theorem
5.1 we can take ζ > 0 small enough and K large enough such that ∆ ⊆ Λ#(K, ζ)
and then we can take large integer k such that µ(Λ#k (K, ζ)) > 1− τ . Let
Λτ = Λ
#
k (K, ζ).
Then by Proposition 4.20 and Proposition 4.24, take θτ = θ(ζ) > 0, Tτ = 2kK ∈ N
and thus Λτ is the needed set. 
Remark that in fact θτ is independent of τ, since the choice of ζ is not necessarily
small and can be a fixed positive number independent on the variation of Λτ and
from Proposition 4.24 θτ only depends on ζ.
In particular, we state the exponentially closing lemma.
Theorem 5.6. (Exponentially Closing lemma) Let f ∈ Diff1(M) and µ ∈ M(M).
Suppose that there is a Df -invariant dominated splitting T∆M = E ⊕ F on an f -
invariant set ∆ with µ full measure and µ is average-nonuniformly hyperbolic with
respect to to this splitting. Then for each τ > 0, there exist a compact set Λτ ⊆M ,
θτ > 0 and Tτ ∈ N such that µ(Λτ ) > 1− τ and following two properties hold.
(i) (Exponentially) closing Lemma: For ∀ η > 0, there exists β = β(τ, η) > 0 such
that if for an orbit segment {x, n} with length n ≥ Tτ , one has x, fn(x) ∈ Λτ and
d(x, fn(x)) < β, then there exists a unique hyperbolic periodic point z = z(x) ∈M
satisfying:
(1) fn(z) = z;
(2) d(f j(x), f j(z)) < η · e−min{j,n−j}θτ , j = 0, 1, · · · , n− 1.
(ii) Stable Manifold Theorem: There exists σ > 0 such that all points in Λ∗δ(σ) have
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uniform sizes of stable and unstable manifolds, where Λ∗τ (σ) denotes the union set
of Λτ and the set of periodic points nearby Λτ
{z ∈M | ∃x, n ≥ Tτ withx, fn(x) ∈ Λτ s.t. fn(z) = z, d(f i(x), f i(z)) ≤ σ, 0 ≤ i ≤ n}.
Moreover, if x, y ∈ Λ∗τ (σ) are close enough, then the (local) stable manifold x is
transverse to the (local) unstable manifold of y.
By Theorem 5.2 and average-nonuniform hyperbolicity of Theorem 3.26, Theo-
rem 3.31, we have
Theorem 5.7. Under the same assumptions as Theorem 3.25 or the cases of (A)
(A’) (B) (B’) in Theorem 3.23 or Theorem 3.31:
there is some ζ0 > 0 and K0 ≥ 1 such that for any ζ ∈ (0, ζ0) and any K ≥ K0,
Λ#(K, ζ) has Lebesgue full measure.
By Theorem 5.7, Theorem 5.5 and 5.6 can be applicable to some partially hy-
perbolic systems for Lebesgue measure which is not necessarily invariant.
5.2. Hyperbolic measure with (quasi-)limit domination. On the other hand,
it is still unknown whether the assumption in Theorem 5.2 can be replaced by non-
zero Lyapunov exponents.
Question 5.8. Let ∆ be an f−invariant set and T∆M = E ⊕F be a Df−invariant
splitting on ∆. Let K ∈ Z+ and ζ0 > 0. Suppose that T∆M = E ⊕ F is K−limit-
dominated on ∆ and ∆ is a nonuniformly hyperbolic set with (K, ζ0)-degree cor-
responding to T∆M = E ⊕ F , that is, for any x ∈ ∆
lim sup
l→+∞
log ‖Df l|E(x)‖
l
≤ −ζ0, and
lim inf
l→+∞
logm(Df l|F (f−l(x)))
l
≥ ζ0.
Then whether
∆ ⊆
⋃
K≥1,χ>0
Λ(K,χ)?
If further the splitting T∆M = E ⊕ F is K−dominated, whether one has
∆ ⊆
⋃
K≥1,χ>0
Λ#(K,χ)?
We will give a positive answer in the sense of probabilistic perspective that if
Mf (∆) 6= ∅, then for any µ ∈ Mf(∆) µ a.e. point in ∆ should be in the Liao-Pesin
set. That is,
Theorem 5.9. Let ∆ be an f−invariant set and T∆M = E⊕F be a Df−invariant
splitting on ∆. Let K ∈ Z+ and ζ0 > 0. Suppose that T∆M = E ⊕ F is K−limit-
dominated on ∆ and ∆ is a nonuniformly hyperbolic set with (K, ζ0)-degree corre-
sponding to T∆M = E ⊕ F , that is, for any x ∈ ∆
lim sup
l→+∞
log ‖Df l|E(x)‖
l
≤ −ζ0, and
lim inf
l→+∞
logm(Df l|F (f−l(x)))
l
≥ ζ0.
If Mf (∆) 6= ∅, then there is ∆′ ⊆ ∆ such that
∆′ ⊆
⋃
K≥1,χ>0
Λ(K,χ)
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and for any µ ∈ Mf (∆), µ(∆′) = 1. If further the splitting T∆M = E ⊕ F is
dominated, then there is ∆′ ⊆ ∆ such that
∆′ ⊆
⋃
K≥1,χ>0
Λ#(K,χ)
and for any µ ∈Mf (∆), µ(∆′) = 1.
Obviously for any µ ∈ Mf(∆), all the Lyapunov exponents of µ are far from
zero and µ has limit-domination or domination. Thus, we only need to show that
for any hyperbolic measure µ with limit-domination, µ a.e. points are in the Liao-
Pesin set. Now for nonuniformly hyperbolic systems with limit (quasi-)domination,
let us state and show the existence of Pesin set with full measure or with measure
arbitrarily close to 1.
Theorem 5.10. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M). Then
µ(∪ζ>0 ∪K∈N Λ(K, ζ)) = µ(∪ζ>0 ∪K∈N Λ#(K, ζ)) = 1.
If further all the Lyapunov exponents of µ are far from zero, then there exists ζ0 > 0
such that for all ζ ∈ (0, ζ0)
µ(∪K∈NΛ(K, ζ)) = µ(∪K∈NΛ#(K, ζ)) = 1.
Moreover, if µ is ergodic, then there exists K0 ∈ N, ζ0 > 0 such that for all K ≥
K0, ζ ∈ (0, ζ0),
µ(Λ(K, ζ)) = µ(Λ#(K, ζ)) = 1.
To prove this theorem we need a lemma as follows.
Lemma 5.11. (Generalized Oseledec Multiplicative Ergodic Theorem or
Sub-additional Ergodic Theorem)
Let f ∈ Diff1(M) preserve an invariant probability measure µ, and E ⊆ TM be a
Df−invariant subbundle defined over an f−invariant set with µ full measure. Let
λ+E(x) be the maximal Lyapunov exponent in E(x) of the measure µ. Then, for any
τ > 0, ε > 0 there exist an invariant set Bτ,ε with µ(Bτ,ε) ≥ 1 − τ and an integer
Kτ,ε such that for every point x ∈ Bτ,ε and any K ≥ Kτ,ε, the Birkhoff averages
1
lK
l−1∑
j=0
log ‖DfK |E(fjK(x))‖
converge towards a number contained in [λ+E(x), λ
+
E(x) + ε), when l → +∞. In
particular, for µ a.e. x, we have the following limits exist and
lim
K→+∞
lim
l→+∞
1
lK
l−1∑
j=0
log ‖DfK |E(fjK(x))‖ = λ+E(x).
Moreover, one should have same result for the Birkhoff averages
1
lK
l∑
j=1
log ‖DfK |E(f−jK(x))‖( or written by
1
lK
−1∑
j=−l
log ‖DfK |E(fjK(x))‖).
For the case of minimal Lyapunov exponent, similar results work.
Proof. The ergodic case firstly appeared in [1]. Here we prove the version for
general invariant (not necessarily ergodic) measures. In particular, the ergodicity is
useful in the proof of [1] and it is needed to consider fN−ergodic measure for large
N . Here we choose another way which is not necessary to consider fN−invariant
or fN−ergodic measures. Now we start to prove.
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By Sub-additional Ergodic Theorem [67] (or Oseledec Multiplicative Ergodic
Theorem), one has
liml→+∞
∫ | log ‖Df l|E(x)‖l − λ+E(x)|dµ = ∫ liml→+∞ | log ‖Df l|E(x)‖l − λ+E(x)|dµ = 0.
For convenience to write, later we always assume that following limits exist since
they always exist for µ a.e. x. For any ε > 0 and τ ∈ (0, 1), we can take large L
such that
∫
h(x)dµ < 12τε where
h(x) := | log ‖Df
L|E(x)‖
L
− λ+E(x)|.
Since µ is f−invariant, 1l
∑l−1
i=0 h(f
i(x)) converge a.e. to integrable nonnegative
functions h∗(x). Also h∗(f(x)) = h∗(x) a.e. and
∫
h∗(x)dµ =
∫
h(x)dµ < 12τε.
We setB = {x ∈M |h∗(x) < 12ε} and claim µ(B) ≥ 1−τ . In fact, if µ(B) < 1−τ ,
then
∫
h∗(x)dµ ≥ ∫
M\B h
∗(x)dµ ≥ 12εµ(M \B) > 12τε, a contradiction to the
inequality
∫
h∗(x)dµ < 12τε. So if x ∈ B, then
lim
l→+∞
1
l
l−1∑
i=0
| log ‖Df
L|E(i(x))‖
L
− λ+E(x)| <
ε
2
.
This implies that for all x ∈ B,
lim
l→+∞
1
lL
l−1∑
i=0
log ‖DfL|E(fi(x))‖ < λ+E(x) +
ε
2
.(17)
Remark that in the case that µ is f -ergodic, this estimate is more easy to get for a
set with full measure. More precisely, by sub-additional ergodic principle, there is
some L large enough such that∫
log ‖DfL|E(x)‖
L
dµ ≤ λ+E(x) +
ε
2
.
By Birkhoff ergodic theorem and ergodicity of µ, for µ a.e. x,
lim
l→+∞
1
lL
l−1∑
i=0
log ‖DfL|E(fi(x))‖ =
∫
log ‖DfL|E(x)‖
L
dµ < λ+E(x) +
ε
2
.
Before continuing the proof, we need a lemma as follows which is also useful for
other results below.
Lemma 5.12. Let Cf = max{log ‖Df‖, log ‖Df−1‖, 0}, let ∆ ⊆M be an invariant
set and E be a Df -invariant bundle over ∆. Suppose L ≥ 1, K ≥ 2L. Then for
any x ∈ ∆,
(1) Take r such that rL ≥ K > (r − 1)L, for any 0 ≤ p < L, one has
log ‖DfK |E(x)‖ ≤ 4L · Cf +
r−1∑
s=0
log ‖DfL|E(fp+sL(x))‖.
(2)
L log ‖DfK |E(x)‖ ≤ 5L2 · Cf +
K−1∑
t=0
log ‖DfL|E(ft(x))‖.
(2’)
lim sup
n→+∞
1
n
log ‖Dfn|E(x)‖ ≤ lim sup
l→+∞
1
lK
l−1∑
i=0
log ‖DfK |E(fiK(x))‖
≤ 5L · Cf
K
+ lim sup
l→+∞
1
lL
l−1∑
i=0
log ‖DfL|E(fi(x))‖.
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Proof.
Take r such that rL ≥ K > (r − 1)L. For any 0 ≤ p < L, one decomposes the
orbit segment of length K + L of x as
(x, f(x), · · · , fp−1(x)),
(fp(x), · · · , fp+(r−1)L−1(x)),
(fp+(r−1)L(x), · · · , fK+L−1(x)).
One deduces that
‖DfK |E(x)‖ ≤ ‖DfK+L|E(x)‖‖Df−L|E(fK+Lx)‖ ≤ eL·Cf‖DfK+L|E(x)‖
≤ eL·Cf‖Dfp|E(x)‖ · (‖DfL|E(fp(x))‖ · · · ‖DfL|E(fp+(r−2)L(x))‖)
·‖DfK+L−(p+(r−1)L)|E(fp+(r−1)L(x))‖
≤ e3L·Cf · (‖DfL|E(fp(x))‖ · · · ‖DfL|E(fp+(r−1)L(x))‖) · ‖DfL|E(fp+(r−1)L(x))‖−1
≤ e4L·Cf · (‖DfL|E(fp(x))‖ · · · ‖DfL|E(fp+(r−1)L(x))‖).
Hence,
log ‖DfK |E(x)‖ ≤ 4L · Cf +
r−1∑
s=0
log ‖DfL|E(fp+sL(x))‖.
So summing the inequalities for p = 0, 1, · · · , L− 1, one has
L log ‖DfK |E(x)‖ ≤ 4L2 · Cf +
L−1∑
p=0
r−1∑
s=0
log ‖DfL|E(fp+sL(x))‖
= 4L2 · Cf +
Lr−1∑
t=0
log ‖DfL|E(ft(x))‖ ≤ 5L2 · Cf +
K−1∑
t=0
log ‖DfL|E(ft(x))‖.
These imply (1) and (2) hold for all x ∈ ∆.
For any y ∈ Orb(x), by (2) one has
log ‖DfK |E(y)‖ ≤ 5L · Cf +
1
L
K−1∑
j=0
log ‖DfL|E(fj(y))‖.
Then summing the inequalities for y = x, fK(x), · · · , f (l−1)K(x),
l−1∑
i=0
log ‖DfK |E(fiK(x))‖ ≤ 5lL · Cf +
l−1∑
i=0
K−1∑
j=0
1
L
log ‖DfL|E(fj+iK(x))‖
= 5lL · Cf + 1
L
lK−1∑
t=0
log ‖DfL|E(ft(x))‖.
It follows that
lim sup
l→+∞
1
lK
l−1∑
i=0
log ‖DfK |E(fiK(x))‖ ≤
5L · Cf
K
+lim sup
l→+∞
1
lKL
lK−1∑
i=0
log ‖DfL|E(fi(x))‖
≤ 5L · Cf
K
+ lim sup
l→+∞
1
lL
l−1∑
i=0
log ‖DfL|E(fi(x))‖.
By sub-multiplications of the norms (write n = lK + r, 0 ≤ r < K), we have
log ‖Dfn|E(x)‖ ≤
l−1∑
i=0
log ‖DfK |E(fiK(x))‖+ (K − 1)Cf
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Then
lim sup
l→+∞
1
lK
l−1∑
i=0
log ‖DfK |E(fiK(x))‖ ≥ lim sup
n→+∞
1
n
log ‖Dfn|E(x)‖.
(The case of lim inf is also true). This ends the proof of (2’). 
Now we continue to prove Lemma 5.11. By Lemma 5.12 (2’) and sub-additional
ergodic theorem, take and fix Kτ,ε ≥ max{2L, 10L·Cfε } and then by (17) for all
K ≥ Kτ,ε, one gets for µ a.e. x ∈ B,
λ+E(x) = limn→+∞
1
n
log ‖Dfn|E(x)‖ ≤ lim
l→+∞
1
lK
l−1∑
i=0
log ‖DfK |E(fiK(x))‖ < λ+E(x)+ ε.
So we complete the proof. 
Moreover, by same methods, similar results should hold for continuous linear
cocycles on homeomorphisms and general sub-additional sequence of integrable
functions. Here we just state the case of cocycles, and the case of sub-additional
functions is left for readers. More precisely, let f be an invertible map of a compact
metric space X and let A : X → GL(m,R)(m ≥ 1) be a measurable function. One
main object of interest is the asymptotic behavior of the products of A along the
orbits of the transformation f , called cocycle induced from A: for n > 0
A(x, n) := A(fn−1(x)) · · ·A(f(x))A(x),
and
A(x,−n) := A(f−n(x))−1 · · ·A(f−2(x))−1A(f−1(x))−1 = A(f−nx, n)−1.
For any x ∈ X and any v ∈ Rm, define the Lyapunov exponent of vector v at x,
λA(x, v) := lim
n→∞
1
n
log ‖A(x, n)v‖,
if the limit exists. If the above limit exists for all v 6= 0, we say x to be Lyapunov-
regular.
Theorem 5.13. Let f : X → X be a measure-preserving invertible map of a
Lebesgue space (X,µ) and let A : X → GL(n,R) be a bounded measurable matrix
functions over X. Then there exists a set Y ⊆ X such that µ(X \ Y ) = 0 and for
each x ∈ Y : there exists a decomposition of
R
n = ⊕k(x)i=1 Hi(x)
that is invariant under the linear extension of f determined by A. The Lyapunov
exponents χ1(x) < χ2(x) · · · < χk(x)(x) exist and are f -invariant and
lim
K→±∞
lim
l→+∞
1
lK
l−1∑
i=0
log ‖A(f iK(x),K)|H(f±iK (x))‖
= lim
K→±∞
lim
l→+∞
1
lK
l−1∑
i=0
logm(A(f iK(x),K)|H(f±iK(x)))
= lim
m→±∞
log ‖A(x,m)|Hi(x)‖ = limm→±∞ logm(A(x,m)|Hi(x)) = χi.
Now we start to prove Theorem 5.10.
Proof of Theorem 5.10 Let λs(x), λu(x) denote the maximal and minimal
Lyapunov exponents of Es(x) and Eu(x) respectively for µ a.e. x. Notice that
µ
( ∪ζ>0 {x ∈M | λs(x) < −2ζ, λu(x) > 2ζ} ) = 1
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and by Corollary 9.7,
µ
( ∪ζ>0∪S0≥1{x ∈M | 1S log ‖DfS|Es(y)‖m(DfS |Eu(y)) ≤ −2ζ, ∀y ∈ Orb(x), S ≥ S0} ) = 1.
So for any τ ∈ (0, 1), we can take small ζ > 0, large S0 and an f -invariant set ∆1
with µ(∆1) > 1− τ2 such that if x ∈ ∆1 then λs(x) < −2ζ, λu(x) > 2ζ and
1
S
log
‖DfS|Es(y)‖
m(DfS |Eu(y))
≤ −2ζ, ∀y ∈ Orb(x) S ≥ S0.
On the other hand, for ε = ζ in Lemma 5.11 we can take an invariant set
∆2 = B τ
2
,ε with µ(∆2) > 1− τ2 such that ∆2 satisfies the result of Lemma 5.11 for
both bundles Es(x) and Eu(x). More precisely, there is K τ
2
,ε such that for every
point x ∈ ∆2 and any K ≥ K τ2 ,ε, the Birkhoff averages satisfy
lim
l→+∞
1
lK
l−1∑
j=0
log ‖DfK |Es(fjK(x))‖ ≤ λs(x) + ε
and simultaneously
lim
l→+∞
1
lK
−1∑
j=−l
logm(DfK |Eu(fjK(x))) ≥ λu(x) − ε.
Take ∆τ = ∆1 ∩∆2 and Kτ = max{S0, K τ
2
,ε}. Clearly µ(∆τ ) > 1 − τ . Then
for every point x ∈ ∆τ and any K ≥ Kτ , we have
lim
l→+∞
1
lK
l−1∑
j=0
log ‖DfK |Es(fjK(x))‖ ≤ λs(x) + ε ≤ −ζ,
lim
l→+∞
1
lK
−1∑
j=−l
logm(DfK |Eu(fjK(x))) ≥ λu(x) − ε ≥ ζ
and
1
L
log
‖DfL|Es(y)‖
m(DfL|Eu(y))
≤ −2ζ, ∀y ∈ Orb(x), L ≥ K.
By Theorem 5.2, ∆τ ⊆ Λ#(K, ζ) (in fact, here (c) and (d) in the definition of Liao-
Pesin set are obvious from above last equality). By the arbitrary choice of small τ
we complete the proof. 
In particular if further the hyperbolic measure is ergodic, we have
Theorem 5.14. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M) be ergodic. Then there is
some β > 0 and K0 ∈ Z+ such that for any 0 < ζ < β, any K ≥ K0, Pesin set
Λ(K, ζ) is of µ full measure.
Remark 5.15. Every ergodic measure supported on hyperbolic sets obviously sat-
isfies the assumption of Theorem 5.10. And every ergodic measure µ of partially
hyperbolic diffeomorphisms satisfies the assumption of Theorem 5.10, provided that
the Lyapunov exponents of µ in the center bundle are all positive (or all nega-
tive). In particular, if the dimension of the center bundle of a partially hyperbolic
diffeomorphism is one, then every hyperbolic ergodic invariant measure naturally
satisfies the assumption of Theorem 5.10. For a nonuniformly hyperbolic system
on a surface with limit domination (or domination), since the subbudles are both
one dimensional, one can take K0 ≥ 1 and get a Pesin set Λ(K, ζ) of full measure
for any K ≥ K0 according to the proof of Theorem 5.10. In this case (a) and (b)
DIFFEOMORPHISMS WITH LIAO-PESIN SET 47
in definition of Liao-Pesin set can be written simply:
(a).
1
l
log ‖Df l|E(x)‖ ≤ −ζ, ∀ l ≥ kK;
(b).
1
l
logm(Df l|F (f−lx)) ≥ ζ, ∀ l ≥ kK.
By Theorem 5.10 and Proposition 4.24 and 4.20, we have
Theorem 5.16. Let f ∈ Diff1(M) and µ ∈ Mqldhf (M). For each τ ∈ (0, 1), there
exist a compact set Λτ ⊆ M , θτ > 0 and Tτ ∈ N such that µ(Λτ ) > 1 − τ and
following two properties hold:
(i) (Exponentially) Shadowing Lemma: For ∀ η > 0, there exists δ = δ(τ, η) > 0
such that if a δ-pseudo-orbit {xi, ni}+∞i=−∞ satisfies ni ≥ Tτ and xi, fni(xi) ∈ Λτ
for all i, then there exists a unique exponentially (η, θτ )-shadowing point x ∈ M
for {xi, ni}+∞i=−∞. If further {xi, ni}+∞i=−∞ is periodic, i.e., there exists an integer
m > 0 such that xi+m = xi and ni+m = ni for all i, then the shadowing point x
can be chosen to be periodic.
(ii) Stable Manifold Theorem: There exists σ > 0 such that all points in Λ∗τ (σ)
have uniform sizes of stable and unstable manifolds, where Λ∗τ (σ) denotes the union
of Λτ and the set
{z ∈M | ∃ pseudo-orbit {xi, ni}+∞i=−∞ satisfying ni ≥ Tτ and xi, fni(xi) ∈ Λτ
for all i such that z is a σ − shadowing point for {xi, ni}+∞i=−∞}.
Moreover, if x, y ∈ Λ∗τ (σ) are close enough, then the (local) stable manifold at x is
transverse to the (local) unstable manifold of y.
In particular, if the hyperbolic invariant measure µ is also ergodic (or all Lya-
punov exponents far away from zero), then θτ can be chosen independent of τ.
Remark 5.17. Note that for every hyperbolic basic set of Axiom A systems, Anosov
shadowing lemma and the local product structure yield the exponential shadowing
property. In the C1+α non-uniformly hyperbolic case, exponential shadowing prop-
erty is a particular case of Katok Shadowing lemma [54] (see Proposition 4.23 for
a detailed proof).
Proof of Theorem 5.16 Fix τ > 0. By Theorem 5.10 we can take ζ > 0 small
enough and K large enough such that µ(Λ#(K, ζ)) > 1 − τ and then we can take
large integer k such that µ(Λ#k (K, ζ)) > 1− τ . Let
Λτ = Λ
#
k (K, ζ).
Then by Proposition 4.20 and Proposition 4.24, take θτ = θ(ζ) > 0, Tτ = 2kK ∈ N
and thus Λτ is the needed set.
If all Lyapunov exponents are far away from zero for a.e. points (ergodic hyper-
bolic measure is a particular case), the choice of ζ is not necessarily small and can
be a fixed positive number independent on the variation of Λτ and from Proposition
4.24 θτ only depends on ζ. 
In particular, we state the exponentially closing lemma.
Theorem 5.18. (Exponentially Closing lemma) Let f ∈ Diff1(M) and µ ∈Mqldhf (M).
For each τ > 0, there exist a compact set Λτ ⊆ M , θτ > 0 and Tτ ∈ N such that
µ(Λτ ) > 1− τ and following two properties hold.
(i) (Exponentially) closing Lemma: For ∀ η > 0, there exists β = β(τ, η) > 0 such
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that if for an orbit segment {x, n} with length n ≥ Tτ , one has x, fn(x) ∈ Λτ and
d(x, fn(x)) < β, then there exists a unique hyperbolic periodic point z = z(x) ∈M
satisfying:
(1) fn(z) = z;
(2) d(f j(x), f j(z)) < η · e−min{j,n−j}θτ , j = 0, 1, · · · , n− 1.
(ii) Stable Manifold Theorem: There exists σ > 0 such that all points in Λ∗δ(σ) have
uniform sizes of stable and unstable manifolds, where Λ∗τ (σ) denotes the union set
of Λτ and the set of periodic points nearby Λτ
{z ∈M | ∃x, n ≥ Tτ withx, fn(x) ∈ Λτ s.t. fn(z) = z, d(f i(x), f i(z)) ≤ σ, 0 ≤ i ≤ n}.
Moreover, if x, y ∈ Λ∗τ (σ) are close enough, then the (local) stable manifold x is
transverse to the (local) unstable manifold of y.
In particular, if further the hyperbolic invariant measure µ is ergodic (or all
Lyapunov exponents of µ a.e. points are far away from zero), then θτ can be chosen
independent of τ.
6. Hyperbolic Measures, Partial Hyperbolicity and Lebesgue measure
6.1. Existence of hyperbolic measures. Now we state a basic fact for systems
with (limit-)dominated splitting.
Theorem 6.1. Let f :M →M be a C1 diffeomorphism on a compact Riemanian
manifold M . Let ∆ ⊆ M be an f−invariant set (not necessarily compact) and
T∆M = E ⊕ F be a Df−invariant splitting on ∆. Suppose dim(E(x)) is constant
on ∆, denoted by dim(E).
(1) If T∆M = E ⊕ F is (quasi-)limit-dominated, then
{µ ∈Mhf (∆)| ind(µ) = dimE} = {µ ∈ Mldhf (∆)| ind(µ) = dimE}
( or = {µ ∈ Mqldhf (∆)| ind(µ) = dimE}).
(2) If T∆M = E ⊕ F is (quasi-)dominated, then
{µ ∈ Mhf (∆)| ind(µ) = dimE} = {µ ∈Mqdhf (∆)| ind(µ) = dimE}
( or = {µ ∈Mdhf (∆)| ind(µ) = dimE}).
Let us recall a result for the existence of hyperbolic measures in C1 generic
systems.
Theorem 6.2. ( [1]) Let Λ be an isolated non-trivial transitive set of a C1 generic
diffeomorphism f ∈ Diff(M) and let TΛ = E1 ⊕ E2 · · ·Em be a finest dominated
splitting (that is, every Ei can not be decomposed into two dominated subbundles).
Then generic measures µ ∈ Mf (Λ) are ergodic, hyperbolic with support Λ and their
Oseledec splitting all coincide with TΛ = E1 ⊕ E2 · · ·Em.
In particular, this implies Mdhf (Λ)∩Me(Λ) contains a dense Gδ subset of Mf(Λ).
Note that in a partially hyperbolic diffeomorphism, the corresponding splitting is
always dominated. Moreover, if the Lyapunov exponents of some ergodic measure
µ in the center bundle are all positive (or all negative), then µ is hyperbolic measure
and its Oseledec’s hyperbolic splitting TxM = E
s(x) ⊕ Eu(x) is dominated. Here
we state a sufficient condition to show the existence of ergodic hyperbolic measure
with domination in partially hyperbolic diffeomorphisms (or partially hyperbolic
invariant sets).
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Theorem 6.3. Let f ∈ Diff1(M) be a partially hyperbolic diffeomorphism with a
corresponding global Df invariant splitting TMM = E
s ⊕ Ec ⊕ Eu. If there exists
a point x0 ∈M such that
lim inf
n→+∞
1
n
n−1∑
i=0
log ‖Df |Ec(fi(x0))‖ < 0
(or respectively, lim sup
n→+∞
1
n
n−1∑
i=0
logm(Df |Ec(fi(x0))) > 0),
then there exists at least one ergodic measure µ such that µ is hyperbolic and its Os-
eledec’s hyperbolic splitting TxM = E
s(x)⊕Eu(x) coincides with (Es(x)⊕Ec(x))⊕
Eu(x) (or respectively, Es(x)⊕ (Ec(x)⊕Eu(x))) and thus is dominated. This im-
plies Mdhf (M) ∩Me(M) 6= ∅.
It is also allowable without stable bundle (or unstable bundle) in the assumption.
This theorem suggests that for partially hyperbolic systems, average-nonuniform
hyperbolicity of one point in the central direction can determine the existence of
ergodic hyperbolic measures with dominated splitting and thus by Theorem 3.1,
this assumption is a method to prove the existence of hyperbolic periodic orbits.
Proof. Denote by Vf (x) the set of accumulation measures of time averages
δ(x)
N
=
1
N
N−1∑
j=0
δ(f jx),
where δ(x) denotes the Dirac measure at x. Then Vf (x) is a nonempty, closed
and connected subset of the space of f invariant measures. Recall that dominated
splitting is always continuous [12]. Thus the center bundle Ec is continuous and
the function log ‖Df |Ec(x)‖ is continuous. By assumption, there exists (at least)
one invariant measure ν ∈ Vf (x0) such that∫
log ‖Df |Ec(x)‖dν = lim inf
n→+∞
1
n
n−1∑
i=0
log ‖Df |Ec(fi(x0))‖ < 0.
By ergodic decomposition theorem, there exists at least one ergodic measure µ such
that ∫
log ‖Df |Ec(y)‖dµ < 0.
Note that ‖Dfn|Ec(x)‖ ≤
∏n−1
i=0 ‖Df |Ec(fi(x))‖. Then by Subadditive Ergodic The-
orem and Birkhoff Ergodic Theorem (see [67]), µ a.e. x satisfies
lim
n→+∞
1
n
log ‖Dfn|Ec(x)‖ ≤ lim
n→+∞
1
n
n−1∑
i=0
log ‖Df |Ec(fi(x))‖
=
∫
log ‖Df |Ec(y)‖dµ < 0.
This implies that all Lyapunov exponents of µ in the center bundle are negative
and thus µ is the required hyperbolic ergodic measure. 
Moreover, we can replace the assumption of above theorem more weaker.
Theorem 6.4. Let f ∈ Diff1(M) be a partially hyperbolic diffeomorphism with a
corresponding global Df invariant splitting TMM = E
s ⊕ Ec ⊕ Eu. If there exists
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a point x0 ∈M and S ≥ 1 such that at least one following case happens:
(1)
lim inf
n→+∞
1
n
n−1∑
i=0
log ‖DfS|Ec(fi(x0))‖ < 0
(or respectively, lim sup
n→+∞
1
n
n−1∑
i=0
logm(DfS |Ec(fi(x0))) > 0);
(2)
lim inf
n→+∞
1
n
n−1∑
i=0
log ‖DfS|Ec(fiS(x0))‖ < 0
(or respectively, lim sup
n→+∞
1
n
n−1∑
i=0
logm(DfS |Ec(fiS(x0))) > 0),
then there exists at least one ergodic measure µ such that µ is hyperbolic and its Os-
eledec’s hyperbolic splitting TxM = E
s(x)⊕Eu(x) coincides with (Es(x)⊕Ec(x))⊕
Eu(x) (or respectively, Es(x)⊕ (Ec(x)⊕Eu(x))) and thus is dominated. This im-
plies Mdhf (M) ∩Me(M) 6= ∅.
Proof. Replacing the function log ‖Df |Ec(x)‖ by log ‖DfS|Ec(x)‖ in the proof
of above theorem, there exists at least one ergodic measure µ such that∫
log ‖DfS|Ec(x)‖dµ < 0.
We will prove this µ is needed for case (1).
Take L = S and take K large enough such that
5L · Cf
K
+
1
L
∫
log ‖DfL|Ec(x)‖dµ < 0.
Recall that µ is f -ergodic. Then by Subadditive Ergodic Theorem and Birkhoff
Ergodic Theorem (see [67]), µ a.e. x the following limits exist and by Lemma 5.12
one has
lim
n→+∞
1
n
log ‖Dfn|Ec(x)‖ ≤ 5L · Cf
K
+ lim
l→+∞
1
lL
l−1∑
i=0
log ‖DfL|Ec(fi(x))‖
=
5L · Cf
K
+
1
L
∫
log ‖DfL|Ec(x)‖dµ < 0.
This implies that all Lyapunov exponents of µ in the center bundle are negative
and thus µ is the required hyperbolic ergodic measure. This ends the proof for case
(1) of Theorem 6.4.
Now we start to consider the case (2) of Theorem 6.4. Replace f of Theorem
6.3 by fS. One can have fS-ergodic hyperbolic measure ν such that the Lyapunov
exponents of ν in the central bundle are all negative. More precisely, by the proof of
Theorem 6.3, this ν also satisfies that there is an fS-invariant set B with ν(B) = 1
such that for any x ∈ B,
lim
n→+∞
1
n
log ‖DfnS |Ec(x)‖
≤ lim
n→+∞
1
n
n−1∑
i=0
log ‖DfS|Ec(fiS(x))‖ =
∫
log ‖Df |Ec(y)‖dν < 0.
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Take µ = 1S (ν+ f∗ν+ · · ·+ fS−1∗ ν) and Γ = B ∪fB · · · fS−1B. Then µ is f -ergodic
invariant and fΓ = Γ with µ(Γ) = 1. By sub-additional ergodic theorem, there is
Γ′ ⊆ Γ with µ(Γ′) = 1 such that for any y ∈ Γ′, the following limit exists
lim
n→+∞
1
n
log ‖Dfn|Ec(y)‖.
Moreover, for any y ∈ Γ′, there is some 0 ≤ p ≤ S − 1 and x ∈ B such that
fp(x) = y. Note that
C−Sf ‖Dfn+p|Ec(x)‖ ≤ ‖Dfn|Ec(y)‖ ≤ CSf ‖Dfn+p|Ec(x)‖.
Thus limn→+∞ 1n log ‖Dfn|Ec(y)‖
= lim
n→+∞
1
n
log ‖Dfn|Ec(x)‖ = 1
S
lim
n→+∞
1
n
log ‖DfnS |Ec(x)‖ < 0.
That is, the Lyapunov exponents of ergodic µ in central direction is negative. We
complete the proof. 
However, it is still unknown for the following case.
Question 6.5. Let f ∈ Diff1(M) be a partially hyperbolic diffeomorphism with a
corresponding global Df invariant splitting TMM = E
s ⊕Ec ⊕Eu. If there exists
a point x0 ∈M such that
lim inf
n→+∞
1
n
log ‖Dfn|Ec(x0)‖ < 0
(or respectively, lim sup
n→+∞
1
n
logm(Dfn|Ec(x0)) > 0),
then whether Mdhf (M) 6= ∅?
It is true for dim(Ec) = 1 (or more general, conformal case), because in this case
the condition in Question 6.5 is equivalent to the condition in Theorem 6.3. It is also
true when Ec is a quasi-conformal bundle, see Theorem 3.28 (1). However, for non-
quasi-conformal case, it is still unknown. Moreover, remark that if the condition in
Question 6.5 holds for a set with Lebesgue positive measure and suppose f ∈ C1+α,
it is still unknown whether there is SRB measure? (see [4]).
On the other hand, replacing the partial hyperbolicity by dominated splitting,
it is also unknown whether the average-nonuniform hyperbolicity of a point can
permit the existence of hyperbolic ergodic measures with dominated splitting.
Question 6.6. Let f ∈ Diff1(M) be a diffeomorphism with a global dominated
splitting TMM = E ⊕ F . If there exists a point x0 ∈M such that
lim inf
n→+∞
1
n
n−1∑
i=0
log ‖Df |E(fi(x0))‖ < 0( or lim sup
n→+∞
1
n
n−1∑
i=0
log ‖Df |E(fi(x0))‖ < 0),
and
lim sup
n→+∞
1
n
n−1∑
i=0
logm(Df |F (fi(x0))) > 0( or lim infn→+∞
1
n
n−1∑
i=0
logm(Df |F (fi(x0))) > 0),
then whether Mdhf (M) 6= ∅?
In the case of
lim sup
n→+∞
1
n
n−1∑
i=0
log ‖Df |E(fi(x0))‖ < 0, lim infn→+∞
1
n
n−1∑
i=0
logm(Df |F (fi(x0))) > 0,
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every µ ∈ Vf (x0) satisfies that
∫
log ‖Df |E(x)‖dµ < 0,
∫
log ‖Df |F (x)‖dµ > 0.
However, from these it is not sure one can get a hyperbolic measure (by using
Ergodic Decomposition theorem). It is feasible when Vf (x0) ∩Me(M) 6= ∅.
Now we start to prove Theorem 3.28.
Proof of Theorem 3.28
(1) Note that for any ergodic measure, there is only one (different) Lyapunov ex-
ponent in the quasi-conformal central bundles. Thus, if there is an ergodic measure
µ such that all the Lyapunov exponents in the central bundle are non-zero, then µ
is hyperbolic and its Oseledec hyperbolic splitting is dominated. By Theorem 3.1,
there exists at least one hyperbolic periodic orbit. So if we face the inverse case,
for any ergodic measure µ, its Lyapunov exponents in the central bundle are zero.
Before continuing the proof, we need to recall a known result of [30] .
Lemma 6.7. (Proposition 3.4 in [30]) Let f : X → X be a continuous map of a
compact metric space. Let an : X → R, n ≥ 0, be a sequence of continuous functions
such that
an+k(x) ≤ an(fk(x)) + ak(x) for every x ∈ X,n, k ≥ 0.(18)
and such that there is a sequence of continuous functions bn : X → R, n ≥ 0,
satisfying
an(x) ≤ an(fk(x)) + ak(x) + bk(fn(x)) for every x ∈ X,n, k ≥ 0.(19)
If
inf
1
n
∫
X
an(x)dµ < 0
for every ergodic f -invariant measure, then there is N > 0 such that for any n ≥ N,
an(x) < 0 for every x ∈ X.
Fix ǫ > 0. Define functions for x ∈M
an(x) := log ‖Dfn|Ec(x)‖ − nǫ.
Then inf 1n
∫
M an(x)dµ < 0 holds for ergodic invariant measure µ. Recall that‖AB‖ ≤ ‖A‖‖B‖. Then it is easy to see that an satisfy (18) of Lemma 6.7. Taking
into account (18) we see that (19) holds once an(x) ≤ an+k(x) + bk(fn(x)). This is
easily verified for bk(x) := log ‖(Dfk|Ec(x))−1‖ since
‖Dfn|Ec(x)‖ ≤ ‖Dfn+k|Ec(x)‖ × ‖(Dfk|Ec(fn(x)))−1‖.
Recall that Ec is a continuous splitting so that an(x), bn(x) are continuous func-
tions. Then all assumptions of Lemma 6.7 are satisfied. So there is N > 0 such
that aN (x) < 0 for every x ∈M. This implies that for any x ∈M,
‖DfN |Ec(x)‖ < eNǫ.
Equivalently, it is not difficult to see that there is C
(1)
ǫ > 0 such that for any
x ∈M,n ≥ 1,
‖Dfn|Ec(x)‖ ≤ C(1)ǫ enǫ.
Similarly, by defining an(x) := − logm(Dfn|Ec(x)) + nǫ, we can get that there
is C
(2)
ǫ > 0 such that for any x ∈M,n ≥ 1,
m(Dfn|Ec(x)‖ ≥ 1
C
(2)
ǫ
e−nǫ.
Let Cǫ = max{C(1)ǫ , C(2)ǫ }, then we complete the proof of (1).
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(2) Let
λcmax(x) = lim sup
n→∞
1
n
log ‖Dfn|Ec(x)‖, λcmin(x) = lim infn→∞
1
n
logm(Dfn|Ec(x)).
By quasi-conformal condition, for any invariant measure µ, µ a.e. x, the above
limits exist and λcmax(x) = λ
c
min(x). Suppose that the set {x ∈ M | λcmax(x) =
λcmin(x) = 0} does not have Lebesgue full measure. We aim to show that f has a
horseshoe.
Firstly we need to prove that
Lemma 6.8. Suppose that the set {x ∈M | λcmax(x) = λcmin(x) = 0} does not have
Lebesgue full measure. Then there is some SRB-like measure µ such that∫
λcmax(x)dµ =
∫
λcmin(x)dµ 6= 0.
Proof. By contradiction, suppose that for any SRB-like measure µ, one has∫
λcmax(x)dµ =
∫
λcmin(x)dµ = 0.(20)
Before continuing the proof we want to show following proposition which is also
useful for the proof of Theorem 3.26. Recall that Of denotes the set of all SRB-like
measures for f :M 7→M .
Proposition 6.9. Let E be a Df -invariant continuous bundle and q ∈ R. Let
λEmax(x) = lim sup
n→∞
1
n
log ‖Dfn|E(x)‖, λEmin(x) = lim inf
n→∞
1
n
logm(Dfn|E(x)).
If for any SRB-like measure µ ∈ Of ,∫
λEmax(x)dµ < q( resp.,
∫
λEmin(x)dµ > q),
then there exists ζ < q (resp., ζ > q), K0 ≥ 1 and an invariant set Θ with Lebesgue
full measure such that for any x ∈ Θ and any K ≥ K0,
lim sup
l→+∞
l−1∑
j=0
log ‖DfK |E(fjK(x))‖
lK
≤ ζ, ( resp., lim inf
l→+∞
l−1∑
j=0
logm(DfK |E(fjK(x)))
lK
≥ ζ).
Proof. In this proposition, we consider the derivative case, in fact one can state
a similar result for sub-additional sequence as Lemma 6.7. Here we just prove the
derivative case.
We will divide the proof into two steps.
Step 1. We first prove following lemma.
Lemma 6.10. There exists L ≥ 1 and ǫ > 0 such that for any µ ∈ Of ,∫
1
L
log ‖DfL|E(x)‖dµ < q − ǫ < 0.
Proof. Let’s recall some basic results related with SRB-like measures. We call
basin of attraction A(K) of any nonempty weak∗ compact subset K of probabilities,
to
A(K) := {x ∈M : pωf (x) ⊆ K}.
We need a following theorem, which is a reformulation of the main results of [20]:
Theorem 6.11. ( [20])
The set Of of all SRB-like measures for f is the minimal weak∗ compact subset
of M(M) whose basin of attraction has total Lebesgue measure.
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In other words: Of is nonempty and weak∗ compact, and the minimal nonempty
weak∗ compact set that contains, for Lebegue almost all the initial states x ∈ M ,
the limits of the convergent subsequences of { 1n
∑n−1
j=0 δfj(x)}n∈N.
For any µ ∈ Of , by assumption one can choose some K(µ) ≥ 1 and ǫµ > 0 such
that ∫
1
K(µ)
log ‖DfK(µ)|E(x)‖dµ < q − ǫµ.
By continuity of the bundle E, the function ‖DfL|E(x)‖ is continuous. Thus we
can take a neighborhood B(µ) ⊆Mf (M) such that for any ν ∈ B(µ),∫
1
K(µ)
log ‖DfK(µ)|E(x)‖dν < q − ǫµ.
Since Of is compact, one can take a finite µ1, · · · , µm ∈ Of such that Of ⊆
∪mi=1B(µi). Take L = Πmi=1K(µi) and ǫ = min{ǫµi}. Then for any µ ∈ Of , there
is 1 ≤ i ≤ m such that µ ∈ B(µi) and so by the sub-multiplication of norms and
invariance of µ,∫
1
L
log ‖DfL|E(x)‖dµ ≤
∫
1
L
L
K(µi)∑
j=0
log ‖DfK(µi)|E(fjK(µi)x)‖dµ
=
∫
1
K(µi)
log ‖DfK(µi)|E(x)‖dµ < q − ǫ.

Step 2. Complete the proof of Proposition 6.9.
By Lemma 6.11, for Lebesgue a.e. x, pwf (x) ⊆ Of . Fix such a point x. By
weak∗ topology and the continuity of ‖DfL|E(y)‖, we have
lim sup
l→+∞
l−1∑
j=0
log ‖DfL|E(fj(x))‖
lL
≤ sup
µ∈Of
∫
1
L
log ‖DfL|E(y)‖dµ < q − ǫ.
Let K ≥ 2L. Then by Lemma 5.12 (2’),
lim sup
l→+∞
1
lK
l−1∑
i=0
log ‖DfK |E(fiK(x))‖ ≤
5L · Cf
K
+ lim sup
l→+∞
1
lL
l−1∑
i=0
log ‖DfL|E(fi(x))‖.
Taking K0 ≥ max{2L, 10L·Cfε } and then for all K ≥ K0,
lim sup
l→+∞
1
lK
l−1∑
i=0
log ‖DfK |E(fiK(x))‖ < q +
1
2
ǫ− ǫ = q − 1
2
ǫ.
Take ζ = q − 12ǫ we complete the proof. 
Now we continue our proof. Let E of Proposition 6.9 be the central bundle Ec,
q > 0. Then by (20) the assumptions in Proposition 6.9 hold and then there is
ζ < q, K0 ≥ 1 and an invariant set Θ with Lebesgue full measure such that for any
x ∈ Θ and any K ≥ K0,
lim sup
l→+∞
l−1∑
j=0
log ‖DfK |E(fjK(x))‖
lK
≤ ζ.
This implies that
λcmax(x) = lim sup
n→+∞
log ‖Dfn|E(x)‖
n
≤ lim sup
l→+∞
l−1∑
j=0
log ‖DfK |E(fjK(x))‖
lK
≤ ζ < q.
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By arbitrariness of q, for any x ∈ Θ,
λcmax(x) ≤ 0.
Similarly, letting E of Proposition 6.9 be the central bundle Ec, q < 0 and then
by (20) one has that Lebesgue a.e. x,
λcmin(x) ≥ 0.
This contradicts the assumption that the set {x ∈ M | λcmax(x) = λcmin(x) = 0}
does not have Lebesgue full measure. This ends the proof of Lemma 6.8. 
To complete the proof of Theorem 3.28 (2), by Lemma 6.8 we only need to show
that
Lemma 6.12. Suppose that there is some SRB-like measure µ such that∫
λcmax(x)dµ =
∫
λcmin(x)dµ 6= 0.
Then f has a horseshoe.
More precisely, we get a horseshoe with large entropy as follows: from uniform
expanding of Eu, we can assume that there exist C > 0 and 0 < λ < 1 such that
‖Df−n|Eu(x)‖ ≤ Cλn, ∀x ∈M, n ≥ 1.
Then for any ω > 0, there is a horseshoe with positive topological entropy larger
than −dim(Eu) logλ− ω.
Proof. Recall that µ a.e. x, λcmax(x) = λ
c
min(x), denoted by λ
c(x) for con-
venience. Then
∫
λc(x)dµ 6= 0. Let ∆1 = {x|λc(x) exists and 6= 0}, then t :=
µ(∆1) > 0. Define µ1 = µ∆1 , we will show that hµ1(f) > 0. Recall that the system
is partially hyperbolic, by Theorem 3.36 we have
hµ(f) ≥
∫ dimEu(x)∑
i=1
λi(x)dµ > 0,
where λ1(x) ≥ λ2(x) ≥ · · · ≥ λdim(M)(x) denote the Lyapunov exponents of x.
If t = 1, then hµ1(f) = hµ(f) ≥
∫ ∑dimEu(x)
i=1 λi(x)dµ =
∫ ∑dimEu(x)
i=1 λi(x)dµ1 ≥
−dim(Eu) logλ > 0. Otherwise, µ 6= µ1 and t = µ1(∆1) < 1. Define ∆2 =
{x|λc(x) exists and = 0} and µ2 = µ∆2 . By Ruelle’s inequality and the defini-
tion of ∆2 and µ2, hµ2(f) ≤
∫ ∑
λi(x)>0
λi(x)dµ2 =
∫ ∑dimEu(x)
i=1 λi(x)dµ2. By
affine property of metric entropy,
hµ(f) = thµ1(f) + (1− t)hµ2(f) ≤ thµ1(f) + (1 − t)
∫ dimEu(x)∑
i=1
λi(x)dµ2.
However, from above analysis we know that
hµ(f) ≥
∫ dimEu(x)∑
i=1
λi(x)dµ = t
∫ dimEu(x)∑
i=1
λi(x)dµ1+(1− t)
∫ dimEu(x)∑
i=1
λi(x)dµ2.
So
hµ1(f) ≥
∫ dimEu(x)∑
i=1
λi(x)dµ1 ≥ −dim(Eu) logλ > 0.
By Ergodic Decomposition theorem of metric entropy, there is at least one er-
godic component of µ1, denoted by ν, has positive entropy> max{−dim(Eu) logλ−
1
2ω, 0}. By definition of ∆1 and µ1, the ergodic ν can be taken with ν(∆1) = 1.
This ν is a hyperbolic measure with positive metric entropy and its Oseledec hy-
perbolic splitting is dominated. In other words, ν ∈ Mdhf (M) and is non-atomic.
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By Theorem 3.17 (2), f has a horseshoe with topological entropy larger than
hν(f)− 12ω > −dim(Eu) logλ− ω. 
By Lemma 6.8 and Lemma 6.12, we state Theorem 3.28 (2) in another way.
Theorem 6.13. Let f ∈ Diff1(M) be a partially hyperbolic diffeomorphism with a
corresponding global Df invariant splitting TMM = E
s ⊕ Ec ⊕ Eu. Suppose that
Ec is quasi-conformal. If there exists a Lebesgue positive measure set H such that
each point x0 ∈ H satisfies that
lim inf
n→+∞
1
n
log ‖Dfn|Ec(x0)‖(= lim infn→+∞
1
n
logm(Dfn|Ec(x0))) 6= 0
or respectively, lim sup
n→+∞
1
n
log ‖Dfn|Ec(x0)‖(= lim sup
n→+∞
1
n
logm(Dfn|Ec(x0))) 6= 0,
then Mdhf (M) ∩Mnf (M) 6= ∅ and then by Theorem 3.1 there is horseshoe.
Furthermore, we want to ask a following question for the case of non-conformal
central bundle.
Question 6.14. Let f ∈ Diff1(M) be a partially hyperbolic diffeomorphism with a
corresponding global Df invariant splitting TMM = E
s ⊕Ec ⊕Eu. If there exists
a Lebesgue positive measure set H such that each point x0 ∈ H satisfies that
lim inf
n→+∞
1
n
log ‖Dfn|Ec(x0)‖ < 0 (or lim sup
n→+∞
1
n
log ‖Dfn|Ec(x0)‖ < 0),
or lim sup
n→+∞
1
n
logm(Dfn|Ec(x0)) > 0 (or lim infn→+∞
1
n
logm(Dfn|Ec(x0)) > 0),
then whetherMdhf (M)∩Mnf (M) 6= ∅ (which implies the existence of horseshoe by
Theorem 3.1)?
In other words, whether the system satisfies that either there is some horseshoe,
or Lebesgue a.e. x,
lim inf
n→+∞
1
n
log ‖Dfn|Ec(x)‖ ≥ 0 ≥ lim sup
n→+∞
1
n
logm(Dfn|Ec(x))?
It is easy to see H can be extended to the set of ∆ := ∪n∈ZfnH . So if Lebesgue
measure is invariant (i.e., the system is volume-preserving), then µ = Leb|∆ is one
required measure.
For the non-conformal case, it is also unknown for the cases replacing the above
assumption by
lim inf
n→+∞
1
n
n−1∑
i=0
log ‖Df |E(fi(x0))‖ < 0( or lim sup
n→+∞
1
n
n−1∑
i=0
log ‖Df |E(fi(x0))‖ < 0),
or lim sup
n→+∞
1
n
n−1∑
i=0
logm(Df |F (fi(x0))) > 0( or lim infn→+∞
1
n
n−1∑
i=0
logm(Df |F (fi(x0))) > 0).
By Theorem 6.3, we only know that Mdhf (M) 6= ∅. We give a partial answer as
follows. We say a continuous Df−invariant bundle G ⊆ TM to be non-contracting
( resp., non-expanding), if for any x ∈M ,
lim sup
n→+∞
1
n
log |det(Dfn|G(x))| ≥ 0 ( resp., lim inf
n→+∞
1
n
log |det(Dfn|G(x))| ≤ 0).
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Theorem 6.15. Let f ∈ Diff1(M) be a partially hyperbolic diffeomorphism with a
corresponding global Df invariant splitting TMM = E
s ⊕ Ec ⊕ Eu. Suppose that
If Ec ⊕ Eu is non-contracting (resp., Es ⊕ Ec is non-expanding), there exists a
Lebesgue positive measure set H such that each point x0 ∈ H satisfies that
lim inf
n→+∞
1
n
n−1∑
i=0
log ‖Df |E(fi(x0))‖ < 0 ( resp., lim sup
n→+∞
1
n
n−1∑
i=0
logm(Df |F (fi(x0))) > 0),
then Mdhf (M) ∩Mnf (M) 6= ∅ and then there is horseshoe by Theorem 3.1.
Proof. Let
λcmax(x) = lim sup
n→∞
1
n
log ‖Dfn|Ec(x)‖, λcmin(x) = lim infn→∞
1
n
logm(Dfn|Ec(x)).
For any invariant measure µ, µ a.e. x, the above limits exist and λcmax(x) ≥
λcmin(x). By assumption and Lemma 6.11, there is x0 ∈ H such that pwf (x0) ⊆ Of
and
lim inf
n→+∞
1
n
n−1∑
i=0
log ‖Df |E(fi(x0))‖ < 0.
It follows that there is at least one SRB-like measure µ ∈ pwf (x0) ⊆ Of such that
∫
log ‖Df |Ec(x)‖dµ = lim inf
n→+∞
1
n
n−1∑
i=0
log ‖Df |E(fi(x0))‖ < 0.
It follows that ∫
λcmax(x)dµ ≤
∫
log ‖Df |Ec(x)‖dµ < 0.
Let ∆1 = {x|λcmax(x) exists and < 0}, then t := µ(∆1) > 0. Define µ1 = µ∆1 ,
we will show that hµ1(f) > 0. Recall that the system is partially hyperbolic, by
Theorem 3.36 we have
hµ(f) ≥
∫ dimEu(x)∑
i=1
λi(x)dµ > 0,
where λ1(x) ≥ λ2(x) ≥ · · · ≥ λdim(M)(x) denote the Lyapunov exponents of x.
If t = 1, then hµ1(f) = hµ(f) ≥
∫ ∑dimEu(x)
i=1 λi(x)dµ =
∫ ∑dimEu(x)
i=1 λi(x)dµ1 ≥
−dim(Eu) logλ > 0. Otherwise, µ 6= µ1 and t = µ1(∆1) < 1. Define ∆2 =
{x|λcmax(x) exists and ≥ 0} and µ2 = µ∆2 . By Ruelle’s inequality and the def-
inition of ∆2 and µ2,
hµ2(f) ≤
∫ ∑
λi(x)>0
λi(x)dµ2 ≤
∫ dimEu(x)∑
i=1
λi(x)dµ2 + dim(E
c)
∫
λcmax(x)dµ2.
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By affine property of metric entropy,
hµ(f) = thµ1(f) + (1− t)hµ2(f)
≤ thµ1(f) + (1− t)(
∫ dimEu(x)∑
i=1
λi(x)dµ2 + dim(E
c)
∫
λcmax(x)dµ2)
= thµ1(f) + (1− t)
∫ dimEu(x)∑
i=1
λi(x)dµ2
+ dim(Ec)
∫
λcmax(x)dµ− tdim(Ec)
∫
λcmax(x)dµ1.
< thµ1(f) + (1− t)
∫ dimEu(x)∑
i=1
λi(x)dµ2 − tdim(Ec)
∫
λcmax(x)dµ1.
However, from above analysis we know that
hµ(f) ≥
∫ dimEu(x)∑
i=1
λi(x)dµ = t
∫ dimEu(x)∑
i=1
λi(x)dµ1+(1− t)
∫ dimEu(x)∑
i=1
λi(x)dµ2.
So
hµ1(f) >
∫
(
dimEu(x)∑
i=1
λi(x) + dim(E
c)λcmax(x))dµ1
≥
∫
lim sup
n→+∞
1
n
log |det(Dfn|Ec(x)⊕Eu(x))dµ1 ≥ 0.
By Ergodic Decomposition theorem of metric entropy, there is at least one er-
godic component of µ1, denoted by ν, has positive entropy. By definition of ∆1
and µ1, the ergodic ν can be taken with ν(∆1) = 1. This ν is a hyperbolic measure
with positive metric entropy and its Oseledec hyperbolic splitting is dominated. In
other words, ν ∈ Mdhf (M) and is non-atomic. By Theorem 3.1 or Theorem 3.17
(2), f has a horseshoe with positive topological entropy. 
6.2. Some Partially Hyperbolic Systems. Following theorem is to show the
existence of hyperbolic measures with dominated splitting in some partially hyper-
bolic systems.
Theorem 6.16. (1) Under the assumption of Theorem 3.23, every ergodic mea-
sure with positive metric entropy is hyperbolic with a dominated Oseledec hyperbolic
splitting. In other words,
Me(M) ∩M+f (M) =Me(M) ∩Mdhf (M).
(2) Under the assumption of Theorem 3.25, every ergodic measure µ with metric
entropy satisfying
hµ(f) > dimE · a,
is hyperbolic with a dominated Oseledec hyperbolic splitting.
Proof. (1) We only need to consider the cases (C) and (C’), since others are
particular cases of (2) for a = 0. Note that (C’) is a particular case of (C) so that
we only need to prove (C).
Let µ be an ergodic measure with positive metric entropy. By Ruelle’s inequality
[58] and quasi-conformal condition, µ a.e. x, the Lyapunov exponents of E are
negative and the Lyapunov exponents of F are positive. This implies that the
Oseledec hyperbolic splitting of µ coincides with the given dominated splitting.
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(2) Let
λEmax(x) = lim sup
n→∞
1
n
log ‖Dfn|E(x)‖, λEmin(x) = lim infn→∞
1
n
logm(Dfn|E(x)).
For µ a.e. x ∈M, the lim sup, lim inf can be written by lim so that by assumption
for µ a.e. x ∈M,
λEmax(x) ≤ λEmin(x) + a.
By Ruelle’s inequality [58] for f−1 and ergodicity of µ, µ a.e. x,
dimE · a < hµ(f) = hµ(f−1) ≤ dimE(−λEmin(x)) ≤ dimE(−λEmax(x) + a).
This implies µ a.e x,
λEmax(x) < 0.
So the Lyapunov exponents of µ in the bundle E are all negative so that the Oseledec
hyperbolic splitting of µ coincides with the given dominated splitting. 
Now we will prove Theorem 3.23, Theorem 3.25 and Theorem 3.26. For the last
two theorems, we only need to consider the system (I) of Theorem 3.25, since the
system (II) is similar (just needing to consider f−1).
Proof of Theorem 3.23.
We only need to consider the cases (C) and (C’), since others are particular cases
of Theorem 3.25 for a = 0. Note that (C’) is a particular case of (C) so that we
only need to prove (C).
By Variational Principle, there exists ergodic µ with positive entropy arbitrarily
close the topological entropy. By Theorem 6.16 µ is a hyperbolic ergodic measure
with domination. By Theorem 3.17, one can get (1) and (2). For (3), they are
obvious from Corollary 3.20. 
Remark that the main idea for proof is to find hyperbolic measures with domina-
tion which have metric entropy arbitrarily close to the topological entropy. Similar
observation will appear in the proof of Theorem 3.25.
Proof of (I) in Theorem 3.25. Similar as the proof of (C) in Theorem 3.23,
we only need to construct an ergodic µ such that its metric entropy is arbitrarily
close to the topological entropy and µ is hyperbolic with domination. From a recent
a result of [21] that for a C1 partial hyperbolic system, if F is uniformly expanding,
i.e. there exist C > 0 and 0 < λ < 1 such that
‖Df−n|F (x)‖ ≤ Cλn, ∀x ∈M, n ≥ 1,
then
Lemma 6.17. ( [21] ) Every SRB-like measure for f has positive entropy larger
or equal to dim(F ) log λ−1. In particular,
htop(f) ≥ dim(F ) log λ−1.
Fix ǫ ∈ (0,− dimFdimE logλ−a). By Variational Principle, there exists ergodic µ such
that
hµ(f) > htop(f)− ǫ ≥ −dimF log λ− ǫ > dimE · a.
By Theorem 6.16 µ is a hyperbolic ergodic measure with domination. By Theorem
3.17, one can get (1) and (2). For (3), it is obvious from Corollary 3.20. We
complete the proof. 
Proof of Theorem 3.24 Firstly we give a simple lemma.
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Lemma 6.18. If every ergodic measure can be approximated by invariant measures
with zero entropy, then Mz(M) is dense in Mf(M). If further the entropy map
µ 7→ hµ(f) is upper semi-continuous, Mz(M) is residual in Mf(M).
Proof By Ergodic Decomposition Theorem, every invariant measure µ can be
approximated by convex sum of ergodic measures and so µ also can be approximated
by convex sum of invariant measures with zero entropy. Note that the set of all
convex sum of invariant measures with zero entropy are contained in Mz(M) and
thus Mz(M) is dense in Mf (M).
If the entropy map µ 7→ hµ(f) is upper semi-continuous, then the sets
Un = {ν ∈ Mf(M)|hν(f) < 1
n
}
are all open subsets ofMf (M). It is obvious thatMz(M) = ∩n≥1Un. ThusMz(M)
is residual in Mf (M). 
Under the assumption of Theorem 3.23, by Theorem 6.16 every ergodic measure
with positive metric entropy is hyperbolic with a dominated Oseledec hyperbolic
splitting. By Theorem 3.9, every ergodic measure with positive metric entropy can
be approximated by periodic measures. This implies that every ergodic measure
can be approximated by invariant measures with zero metric entropy. By lemma
6.18, Mz(M) is dense in Mf (M).
In particular, for each case of (A’) (B’) (C’), f is far from homoclinic tangency
and by [44] f is entropy-expansive so that the entropy map µ 7→ hµ(f) is upper
semi-continuous. By lemma 6.18,Mz(M) is residual inMf (M). Now we complete
the proof of Theorem 3.24. 
Proof of Theorem 3.26 for system (I) in Theorem 3.25.
For the direction of F , there exist C > 0 and 0 < λ < 1 such that
‖Df−n|F (x)‖ ≤ Cλn, ∀x ∈M, n ≥ 1.
Fix λ¯ ∈ (λ, 1). Take K1 ≥ 1 large enough such that for any n ≥ K1
Cλn ≤ λ¯n.
Thus, for any x ∈M and any K ≥ K1,
‖Df−K |F (x)‖ ≤ λ¯K .
This implies that (Lebesgue) every x ∈M and any K ≥ K1,
lim inf
l→+∞
−1∑
j=−l
logm(DfK |F (f±jK(x)))
lK
= − lim sup
n→∞
1
nK
n−1∑
j=0
log ‖Df−K |F (f±jKx)‖ ≥ − log λ¯ > 0.
So we only needs to prove the direction E.
By Lemma 6.17, every SRB-like measure µ for f has positive entropy larger or
equal to dim(F ) log λ−1. Let
λEmax(x) = lim sup
n→∞
1
n
log ‖Dfn|E(x)‖, λEmin(x) = lim inf
n→∞
1
n
logm(Dfn|E(x)).
For µ a.e. x ∈M, the lim sup, lim inf can be written by lim so that by assumption
for µ a.e. x ∈M,
λEmax(x) ≤ λEmin(x) + a.
By invariance of µ and Ruelle’s inequality [58] for f−1,
−dimF logλ ≤ hµ(f) = hµ(f−1)
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≤
∫
dimE(−λEmin(x))dµ ≤
∫
dimE(−λEmax(x) + a)dµ.
This implies ∫
λEmax(x)dµ ≤
dimF
dimE
logλ+ a < 0.(21)
By (21), the result (1) of Theorem 3.26 can be deduced from Proposition 6.9 for
q = 0. Combining Theorem 3.12 with (1), the result (2) is obtained. 
Theorem 3.26 studies quasi-invariant measure with average-nonuniform hyper-
bolicity. However, if average-nonuniform hyperbolicity is replaced by nonuniform
hyperbolicity, it is still unknown whether there is similar result. The reason is
that we do not know whether there is some Liao-Pesin set with full measure for a
quasi-invariant measure. More precisely, we state a following question.
Question 6.19. Let f ∈ Diff1(M) and TM = E⊕F be a Df−invariant splitting on
M . Suppose that TM = E ⊕ F is limit-dominated on M and µ is quasi-invariant
(or quasi-ergodic). If µ is nonuniformly hyperbolic with respect to this splitting,
that is, there is a µ full measure set H such that each point x0 ∈ H satisfies that
lim sup
n→+∞
1
n
log ‖Dfn|E(x0)‖ < 0,
and lim inf
n→+∞
1
n
logm(Dfn|F (x0)) > 0.
Then whether there is some Liao-Pesin set Λ(K, ζ) with µ positive measure (or
even full measure)?
In this question, the bundles E and F are general bundles, not required one-
dimensional or quasi-conformal. The main obstruction is that it is not known
whether for quasi-invariant measure, nonuniform hyperbolicity implies average-
nonuniform hyperbolicity, as proved in Lemma 5.11.
Proof of Theorem 3.31 for average-nonuniform hyperbolicity and den-
sity of periodic points. Let E = Es ⊕ Ec and F = Eu. Then by uniform
expanding of Eu, F is a average-nonuniformly expanding bundle. So we only need
to consider E.
Let
A = {x| pw(x) contains only one measure which is ergodic with positive entropy}
and
B = {x| pw(x) contains only one measure which is ergodic with zero entropy}.
They are two disjoint invariant subsets of M . By Birkhoff Ergodic theorem for
any invariant measure A ∪ B has full measure and moreover, for every ergodic
measure µ with positive entropy, µ(A) = 1. By Ergodic Decomposition theorem and
assumption, every invariant measure ν supported on A has positive metric entropy
and for ν a.e. point, its Lyapunov exponents of central direction are all negative.
However, every invariant measure supported on B has zero metric entropy.
Let µ be a SRB-like measure, by Lemma 6.17, hµ(f) > 0. We will prove µ(A) =
1, µ(B) = 0. That is,
Lemma 6.20. If there is θ ∈ [0, 1] and two invariant measures µ1 and µ2 such
that µ = θµ1 + (1 − θ)µ2 and µ1(A) = 1, hµ2(f) = 0, then θ = 1.
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Proof. Othewise, θ < 1. By Theorem 3.36,
hµ(f) ≥
∫
χ(x)dµ,
where χ(x) =
∑dimF (x)
i=1 λi(x) and λ1(x) ≥ λ2(x) ≥ · · · ≥ λdimM (x) denote the
Lyapunov exponents of µ a.e. x. Then by the uniform expanding of F ,
hµ(f) ≥
∫
χ(x)dµ > θ
∫
χ(x)dµ1.
On the other hand, µ1(A) = 1 implies that for µ1 a.e. point, its Lyapunov
exponents of central direction are all negative. By Ruelle’s inequality [58] and the
assumption,
hµ(f) = θhµ1(f) ≤ θ
∫ ∑
λi(x)>0
λi(x)dµ1 = θ
∫
χ(x)dµ1.
This is a contradiction. 
Now we know that for every SRB-like measure, a.e. points only have negative
Lyapunov exponents in Ec and then by domination Es⊕≺Ec, a.e. points only have
negative Lyapunov exponents in Ec. By Proposition 6.9, we complete the proof of
average-nonuniform hyperbolicity.
Combining Theorem 3.12 with average-nonuniform hyperbolicity, if Lebesgue is
quasi-invariant, then the periodic points form a dense subset in the whole space. 
Proof of Theorem 3.29. For the consequences of Theorem 3.23 under the as-
sumptions of Theorem 3.29, the proofs are simple. From Lemma 6.17, the topologi-
cal entropy is positive. By variational principle, one can find ergodic (not periodic)
measures which have positive metric entropy arbitrarily close to the topological
entropy. By assumption, these measures are hyperbolic with domination. By The-
orem 3.17, one can get results (1) and (2). For (3), it is obvious from Corollary
3.20. Now we start to discuss measures with zero entropy.
By assumption and Theorem 3.9, every ergodic measure can be approximated
by periodic measures. Since periodic measures have zero entropy, by lemma 6.18
Mz(M) is dense in Mf(M).
If Ec is one-dimensional, then f is far from homoclinic tangency and by [44] f
is entropy-expansive so that the entropy map µ 7→ hµ(f) is upper semi-continuous.
By lemma 6.18, we complete the proof of Theorem 3.29. 
6.3. Existence of Hyperbolic SRB-like Measure. Let M+f (M) denotes the
space of all invariant measures with positive entropy and let MPFf denotes the
space of all invariant measures satisfying Pesin’s entropy formula (i.e., hµ(f) =∫ ∑
λi(x)>0
λi(x)dµ). By Lemma 6.20, Lemma 6.17 and Theorem 3.36, we know
that
Theorem 6.21. Under the same assumptions as Theorem 3.31, Of ⊆Mdhf (M)∩
Mnf (M)∩M+f (M)∩MPFf . It follows that by Theorem 3.1 ∪µ∈Of supp(µ) ⊆ Per(f).
Proof of Theorem 3.31 for the result on volume-non-expanding. By
Lemma 6.20 and Theorem 3.36, for every SRB-like measure µ, µ a.e. x, the Lya-
punov exponents of Es ⊕ Ec are all negative and hµ(f) =
∫
log |det(Dxf |Eu)|dµ.
By Ruelle’s inequality for f−1,
hµ(f) ≤
∫ ∑
−λi(x)>0
−λi(x)dµ = −
∫
log |det(Dxf |Es⊕Ec)|dµ,
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where λ1(x) ≥ λ2(x) ≥ · · · ≥ λdim(M)(x) denote the Lyapunov exponents of x.
This implies that for any SRB-like measure µ,∫
log |detDxf |dµ ≤ 0.
By Lemma 6.11, Lebesgue a.e. x,
lim
n→+∞
1
n
log |det(Dxfn)| ≤ sup
µ∈Of
∫
log |detDxf |dµ ≤ 0.

For existence of hyperbolic SRB-like measure, we also have
Theorem 6.22. Under the same assumptions as (A) (A’) (resp., (B) (B’)) in The-
orem 3.23 Of ⊆Mdhf (M)∩Mnf (M)∩M+f (M)∩MPFf (resp., Of−1 ⊆Mdhf (M)∩
Mnf (M)∩M+f (M)∩MPFf ). It follows that by Theorem 3.1 ∪µ∈Of supp(µ) ⊆ Per(f)
( resp., ∪µ∈O
f−1 supp(µ) ⊆ Per(f)).
Proof. We only need to consider (A), (A′), since (B), (B′) are similar.
Note that (A′) is a particular case of (A). We only need to consider (A). Let
µ be a SRB-like measure of f . Recall that the system is partially hyperbolic, by
Theorem 3.36 we have
hµ(f) ≥
∫ dimF (x)∑
i=1
λi(x)dµ > 0,
where λ1(x) ≥ λ2(x) ≥ · · · ≥ λdim(M)(x) denote the Lyapunov exponents of x. Let
λEmax(x) = lim sup
n→∞
1
n
log ‖Dfn|E(x)‖, λEmin(x) = lim infn→∞
1
n
logm(Dfn|E(x)).
For µ a.e. x ∈ M, the lim sup, lim inf can be written by lim so that by quasi-
conformal assumption for µ a.e. x ∈ M, λEmax(x) = λEmin(x), denoted by λE(x)
for convenience. Let ∆1 = {x|λE(x) exists and < 0}, firstly we show that t :=
µ(∆1) > 0. Otherwise, µ a.e. points, there are no negative Lyapunov expoents. By
Ruelle’s inequality for f−1 and invariance of µ,
hµ(f) = hµ(f
−1) ≤
∫ ∑
−λi(x)>0
−λi(x)dµ = 0.
It contradicts hµ(f) > 0. Now we start to prove t := µ(∆1) = 1. By contradiction,
0 < t < 1. Define µ1 = µ∆1 , define ∆2 = {x|λE(x) exists and ≥ 0} and µ2 = µ∆2 .
By Ruelle’s inequality for f−1,
hµ2(f) ≤
∫ ∑
−λi(x)>0
−λi(x)dµ2 = 0.
So
hµ(f) = thµ1(f) + (1− t)hµ2(f)
= thµ1(f) ≤ t
∫ ∑
λi(x)>0
λi(x)dµ1 ≤ t
∫ dimF (x)∑
i=1
λi(x)dµ1.
However, by above analysis we know that
hµ(f) ≥
∫ dimF (x)∑
i=1
λi(x)dµ
= t
∫ dimF (x)∑
i=1
λi(x)dµ1 + (1− t)
∫ dimF (x)∑
i=1
λi(x)dµ2 > t
∫ dimF (x)∑
i=1
λi(x)dµ1.
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It is a contradiction.
Now we know that µ a.e. x, the Lyapunov exponents of bundle E(x) are all
negative (that is, µ is hyperbolic) and
hµ(f) ≥
∫ dimF (x)∑
i=1
λi(x)dµ.
So by Ruelle’s inequality and uniform expanding of bundle F , the inverse inequality
is also true and so Pesin’s entropy formula holds.
Now we only need to prove that µ is non-atomic. Otherwise, there is a point
x ∈M such that µ{x} > 0, then x should be a periodic orbit. Denote the measure
supported on the orbit of x by ν. Then hν(f) = 0. Since hµ(f) > 0, then µ 6= ν. So
θ := µ(M \Orb(x)) ∈ (0, 1). Let ω = µ|M\Orb(x), then by Ruelle’s inequality,
hµ(f) = θhω(f) + (1− θ)hν(f) = θhω(f) ≤ θ
∫ dimF (x)∑
i=1
λi(x)dω.
It contradicts
hµ(f) ≥
∫ dimF (x)∑
i=1
λi(x)dµ
= θ
∫ dimF (x)∑
i=1
λi(x)dω + (1− θ)
∫ dimF (x)∑
i=1
λi(x)dν > θ
∫ dimF (x)∑
i=1
λi(x)dω.

Proof of Theorem 3.27. By Theorem 6.22, for every SRB-like measure µ, µ
a.e. x, the Lyapunov exponents ofE are all negative and hµ(f) =
∫
log |det(Dxf |F )|dµ.
By Ruelle’s inequality for f−1,
hµ(f) ≤
∫ ∑
−λi(x)>0
−λi(x)dµ = −
∫
log |det(Dxf |E)|dµ,
where λ1(x) ≥ λ2(x) ≥ · · · ≥ λdim(M)(x) denote the Lyapunov exponents of x.
This implies that for any SRB-like measure µ,∫
log |detDxf |dµ ≤ 0.
By Lemma 6.11, Lebesgue a.e. x,
lim sup
n→+∞
1
n
log |det(Dxfn)| = sup
µ∈pwf (x)
∫
log |detDxf |dµ ≤ sup
µ∈Of
∫
log |detDxf |dµ ≤ 0.

Under the assumption of Theorem 3.25, it is still unknown whether every SRB-
like measure is hyperbolic, even though we know that, for example, in the case
(I) for any SRB-like measure the integrable maximal Lyapunov exponents of E is
always negative.
6.4. Stably ergodic diffeomorphims. It was proved in [10] that in the space of
stably ergodic volume-preserving systems, there is an open and dense subset such
that every system in this subset is non-uniformly hyperbolic: volume measure is
a hyperbolic measure and admits a dominated splitting TM = E− ⊕ E+, where
E− (resp. E+) coincides a.e. with the sum of the Oseledets spaces corresponding
to negative (resp. positive) Lyapunov exponents. Moreover, it is known that the
space of stably ergodic systems contains all Anosov diffeomorphisms and many
partially hyperbolic ones ( see e.g. [29]). It is not true that every stably ergodic
diffeomorphism can be approximated by a partially hyperbolic system, see [64, 13].
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Thus, there are some non-uniformly hyperbolic systems with domination which
is not Anosov and not partially hyperbolic.
7. Existence of Horseshoe, Density of Hyperbolic Periodic Orbits &
Livsˇic Theorem
In this section we use Theorem 5.18 to prove Theorem 3.1 and 3.13 (resp. one
can use Theorem 5.6 to prove Theorem 3.12 (1) and (2)). Note that different to
Katok’s (shadowing and) closing lemma, the length of every pseud-orbit segment
in the present paper must be larger than Tτ and thus we must take care when we
use (shadowing and) closing lemma. Firstly, we prove Theorem 3.1.
7.1. Density of periodic orbits. Proof of Theorem 3.1 The proof is an adap-
tion of [65]. Let x ∈ supp(µ) and let η > 0 be small enough. There exists a positive
number τ small enough such that µ(B(x, η/2) ∩ Λτ ) > 0. By Theorem 5.18, we
can take σ > 0 such that the stable and unstable manifolds of Λ∗τ (σ) defined in
Theorem 5.18 have the same uniform size. Let δ > 0 be the number such that if
x, y ∈ Λ∗τ (σ) are δ close, then their stable and unstable manifolds are transversal.
Let Tτ be the number as in Theorem 5.18 which is only dependent on Λ
∗
τ . Now let
r > 0 be an arbitrary small number, with r < min{η/2, σ, δ/3}.
Pick a set B ⊆ B(x, η/2) ∩ Λτ of diameter less than β = β(τ, r) (as in Theorem
5.18) less than r and of positive measure. Let x1 ∈ B be a recurrent point (by
the Poincare Recurrence Theorem), and n(x1) ≥ Tτ a positive integer such that
fn(x1)(x1) ∈ B. Since d(x1, fn(x1)(x1)) < β, in applying Theorem 5.18 we obtain
that there exists a periodic point z1 of period n(x1) such that d(f
i(x1), f
i(z1)) <
r < min{η/2, σ}, 0 ≤ i ≤ n(x1)− 1. This implies that z1 ∈ Λ∗τ (σ) and d(x, z1) < η.
We will prove that µ-almost every point of B belongs to Wu(z1). For that, let
y ∈ B be a Borel density point, and let τ ′ > 0 be small enough such that τ ′ < r/2,
d(z1, y) > τ
′ and µ(B ∩B(y, τ ′/2)) > 0. Pick a set B˜ ⊆ B ∩B(y, τ ′/2) of diameter
less than β˜ = β(k, τ ′/2) (as in Theorem 5.18) and of positive measure. Let x2 ∈ B˜
be a recurrent point, and n(x2) ≥ Tτ a positive integer such that fn(x2)(x2) ∈ B.
Since d(x2, f
n(x2)(x2)) < β˜. Since d(x2, f
n(x2)(x2)) < β˜, in applying Theorem
5.18 we obtain that there exists a periodic point z2 of period n(x2) such that
d(f i(x2), f
i(z2)) < τ
′/2 < r < σ, 0 ≤ i ≤ n(x2) − 1. This implies that z2 ∈ Λ∗τ (σ)
and d(y, z2) < d(y, x2) + d(x2, z2) < τ
′, thus z1 6= z2.
Note that
d(z1, z2) < d(x1, z1) + d(x1, y) + d(y, z2) < r + r + τ
′ < 3r < δ.
By the choice of δ, the stable (unstable) manifold W s/u(z1) and unstable (stable)
manifold Wu/s(z2) are transversal. So z1 has homoclinic point and hence there
exists horseshoe.
Let w be a transverse intersection point on Wu(z1) and W
s(z2). By the Inclina-
tion Lemma (see e.g. [36]), we have that Wu(z1) accumulates locally on W
u(z2).
Indeed, letN be a common period for z1 and z2. The points z1 and z2 are hyperbolic
fixed points for fN with w a transverse intersection point of Wu(z1) and W
s(z2).
The images under fN of a ball around w in Wu(z1) = f
NWu(z1) accumulate on
Wu(z2). Hence
d(Wu(z1), y) ≤ d(Wu(z1), x2) + d(x2, y) ≤ τ ′
for all τ ′ > 0. This implies that y ∈ Wu(z1), for all Borel density points y ∈ B.
Therefore µ(Wu(z1)) ≥ µ(B) > 0.
Since the hyperbolic periodic point z1 is such that d(x, z1) < η, where x is an
arbitrary point of supp(µ) and η > 0 is arbitrarily small, we obtain that the support
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of the measure µ is contained in the closure of all hyperbolic periodic points with
µ(Wu(z1)) > 0. 
Proof of Theorem 3.12 (1) and (2). One can follow the proof of Theorem
3.1 to give the proof, by replacing Theorem 5.18 by Theorem 5.6 and replacing
invariance of the measure by quasi-invariant.
7.2. Livshitz Theorem. Proof of Theorem 3.13 The proof is an adaption of
[35, 37, 7] and not too long, here we only prove the ergodic case similar as Theorem
15.3.1 in [7]. Then there is x ∈ supp(µ) such that supp(µ) = orb(x) (In fact this
property holds for µ a.e. x, see Theorem 5.15 in [67]).
Given τ > 0 and let Λτ be as in Theorem 5.18. We may assume that supp(µ) =
orb(x) for some x ∈ Λτ and that for every τ > 0, the intersection orb(x) ∩ Λτ is
dense in Λτ . Let Tτ > 0 is the number only dependent on τ in Theorem 5.18. Set
ψ = 0 and
ψ(fn(x)) =
n−1∑
k=0
ϕ(fk(x))
for each n ∈ N. To extend ψ continuously to Λτ we show that ψ is uniformly
continuous on orb(x) ∩ Λτ . For any η > 0, let β = β(τ, η) > 0 be as in Theorem
5.18.
Firstly, we consider n2 > n1 satisfying n2 − n1 ≥ Tτ , fn1(x), fn2 (x) ∈ Λτ and
d(fn1(x), fn2(x)) < β, then by Theorem 5.18, there exists a hyperbolic periodic
point z with period n2 − n1 such that
d(f j(fn1(x)), f j(z)) < η · e−min{j,n2−n1−j}θτ ,
where j = 0, 1, · · · , n2 − n1 − 1 and θτ > 0 is the number only dependent on τ in
Theorem 5.18. Since ϕ is Ho¨lder continuous,
|ϕ(x) − ϕ(y)| ≤ Cd(x, y)κ
for some C > 0 and 0 < κ ≤ 1, and we obtain
|ϕ(f j(fn1(x)) − ϕ(f j(z))| ≤ Cηκ · e−κmin{j,n2−n1−j}θτ .
Thus,
|ψ(fn1(x)) − ψ(fn2(x))|
= |
n2−n1−1∑
j=n1
(ϕ(f j(fn1(x))− ϕ(f j(z))) +
n2−n1−1∑
j=n1
ϕ(f j(z))|
≤ Cηκ ·
n2−n1−1∑
j=n1
max{e−jκθτ , e−(n2−n1−j)κθτ }+ |
n2−n1−1∑
j=n1
ϕ(f j(z))|
≤ CηκN
for some constant N > 0 independent of n1 and n2.
Secondly, we consider n2 > n1 satisfying f
n1(x), fn2(x) ∈ Λτ and
d(fn1(x), fn2(x)) <
β
2
.
Since orb(x)∩Λτ is dense in Λτ , then we can take n3 large enough such that n3−n1 >
n3 − n2 ≥ Tτ , fn3(x) ∈ Λτ and d(fn3(x), fn1(x)) < β2 . So d(fn3(x), fn2(x)) ≤
d(fn3(x), fn1(x)) + d(fn1(x), fn2 (x)) < β. Thus by the above discussion, we have
|ψ(fn3(x)) − ψ(fn1(x))| ≤ CηκN
and
|ψ(fn3(x))− ψ(fn2(x))| ≤ CηκN.
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Therefore,
|ψ(fn1(x)) − ψ(fn2(x))|
≤ |ψ(fn3(x)) − ψ(fn1(x))|+ |ψ(fn3(x)) − ψ(fn2(x))|
≤ 2CηκN.
This shows that we can extend ψ continuously to Λτ .Now we extend ψ to ∪∞i=0f i(Λτ )
as follows. If y ∈ f(Λτ ) \ Λτ , then let
ψ(y) = ψ(f−1(y)) + ϕ(f−1(y)),
and we use the same expression for all y ∈ ∪n+1i=0 f i(Λτ ) \ ∪ni=0f i(Λτ ). Since
µ(∪∞i=0f i(Λτ )) = 1,
the function ψ is defined almost everywhere and clearly satisfies the needed condi-
tion. 
Remark that exponentially closing plays the crucial role in Theorem 3.13 but
the stable manifold theorem is not used in the proof.
Now we start to prove Theorem 3.15.
Proof of Theorem 3.15. By assumption and Theorem 3.9, every ergodic
measure can be approximated by periodic ones. By the information assumed on
periodic orbits and weak∗ topology. Every ergodic µ satisfies
∫
ϕdµ = 0. Fix ǫ > 0.
Take an(x) =
∑n−1
j=0 ϕ(f
jx)− nǫ and bn = −
∑n−1
j=0 ϕ(f
jx) + nǫ. It is easy to check
the assumptions in Lemma 6.7 (In fact the inequality of sub-additional property is
equality). So there is some N1 ≥ 1 such that for any x ∈M and n ≥ N1,
n−1∑
j=0
ϕ(f jx) ≤ nǫ.
Similarly, taking an(x) = −
∑n−1
j=0 ϕ(f
jx) − nǫ to get that there is some N2 ≥ 1
such that for any x ∈M and n ≥ N2,
−
n−1∑
j=0
ϕ(f jx) ≤ nǫ.
So 1n
∑n−1
j=0 ϕ(f
jx) converges uniformly to zero.
Define for n ≥ 1 and x ∈M
hn(x) =
1
n
n−1∑
j=1
(n− j)ϕ(f j−1x).
We can verify that
ϕ(x) − 1
n
n−1∑
j=0
ϕ(f jx) = hn(x)− hn(fx).
So ϕ ∈ Cob(f). 
7.3. Approximation of Horseshoes. Proof of Theorem 3.17 The proofs of
(1) and (3) can be as an adaption of [7, 6]. For others in our setting, without the
technique of Lyapunov neigborhood, we can use (1) and (3) to prove.
For ergodic measure, the splitting should be dominated on supp(µ). Since domi-
nated property can be extended to its neighborhoods (see [12]), we can take an open
neighborhood U = Bsupp(µ)(τ0) = {x | γ(x, supp(µ)) < τ0} (for some small τ0 > 0)
of supp(µ) such that the splitting is extended and dominated on ∆0 := ∩n∈Zfn(U).
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Without loss of generality, we can suppose that ǫ < τ0. Take ǫ
′ ∈ (0, ǫ) small enough
such that
hµ(f)− ǫ < 1
1 + ǫ′
(hµ(f)− 3ǫ′).
Assume {ϕi}∞i=1 is the dense subset of C(M) giving the weak∗ topology, that is,
D(µ, m) =
∞∑
i=1
| ∫ ϕidµ− ∫ ϕidm|
2i‖ϕi‖
for µ,m ∈M(f). Take ς > 0 such that
{ν |D(µ, ν) ≤ 3ς} ⊂ V .(22)
Then there exists integer T > 0 such that
∞∑
i=T+1
| ∫ ϕidµ− ∫ ϕidm|
2i‖ϕi‖ ≤
∞∑
i=T+1
1
2i−1
< ς.
Now we denote φi = ϕi/‖ϕi‖ for i = 1, · · · , T .
Step 1. Choice of Separated Set.
We use Katok’s definition of metric entropy ( see [35]). For x, y ∈M and l ∈ N,
let
dl(x, y) = max
0≤i≤l−1
d(f i(x), f i(y)).
For γ > 0, δ ∈ (0, 1), let Nl(γ, δ) be the minimal number of γ−balls Bl(x, γ) in
the dl−metric, which cover a set of measure at least 1− δ. Then
hµ(f) = lim
γ→0
lim inf
l→∞
logNl(γ, δ)
l
= lim
γ→0
lim sup
n→∞
logNl(γ, δ)
l
.
Here we can fix a δ ∈ (0, 1).
For above ǫ, ǫ′, ς , δ, and functions φ1, φ2, · · · , φT , take γ ∈ (0,min{ ǫ2 , ς}) such
that if d(x, y) < γ then
|φi(x)− φi(y)| < ς(i = 1, 2, · · · , T )
and
hµ(f)− ǫ′ < lim inf
l→+∞
1
l
logNl(γ, δ) ≤ lim sup
l→+∞
1
l
logNl(γ, δ).
From Theorem 5.16, take ∆ = Λδ ∩ supp(µ) such that µ(∆) > 1 − δ and one
has exponential shadowing lemma on ∆. More precisely, there is θ > 0 (here µ is
ergodic so that θ > 0 is independent of δ) and Tδ > 0 such that following holds:
for above γ2 > 0, there exists τ ∈ (0, γ2 ) such that if a τ -pseudo-orbit {xi, ni}+∞i=−∞
satisfies ni ≥ Tk and xi, fni(xi) ∈ ∆ for all i, then there exists a γ2 -shadowing point
x ∈M for {xi, ni}+∞i=−∞ (here it is not necessarily the shadowing to be exponential
for θ).
Take a finite open cover {B(ai, τ)}Qi=1 of supp(µ) where ai ∈ supp(µ).
Let ξ be a finite partition of M with diam ξ < τ and ξ > {∆,M \∆}. Consider
the set
∆s =
{
x ∈ ∆k : {x, f(x), · · · , fm−1(x)} ∩B(ai, γ) 6= ∅
(i = 1, 2, · · · , Q), fm(x) ∈ ξ(x) for some m ∈ [l, (1 + ǫ′)l)
and |1
l
l−1∑
j=0
φi(f
jx)−
∫
φidµ| < ς(i = 1, 2, · · · , T ), for l ≥ s
}
.
By ergodicity of µ and Birkhoff’s Ergodic theorem, µ(∆s) → µ(∆) (as s → +∞).
Take sufficiently large s such that µ(∆s) > 1−δ. Let El ⊆ ∆s be an (l, γ)−separated
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set of maximal cardinality; in other words, the cover by γ−balls in the dl−metric
centered at points in El is a minimal cover ∆s. Then we have
hµ(f)− ǫ′ < lim inf
l→+∞
1
l
log ♯El ≤ lim sup
l→+∞
1
l
log ♯El.
So there exists L > 2kK such that for all l ≥ L,
hµ(f)− ǫ′ < 1
l
log ♯El,
and
Q < elǫ
′
, lǫ′ < elǫ
′
.
For m = l, l+ 1, · · · , [(1 + ǫ′)l]− 1, set
Rm := {x | x ∈ El, fm(x) ∈ ∆s but {f l(x), f l+1(x), · · · , fm−1} ∩∆s = ∅}.
and thus
[(1+ǫ′) l]−1∑
m=l
♯Rm = ♯El ≤ lǫ′ max
l≤m≤[(1+ǫ′) l]−1
♯Rm.
Therefore, for every l ≥ L (here we fix a l) one can find an N = ml ( l ≤ ml ≤
[(1 + ǫ′)l]− 1) satisfying
e−lǫ
′
♯El ≤ 1
lǫ′
♯El ≤ ♯RN .
Hence,
1
1 + ǫ′
(hµ(f)− 2ǫ′) < 1
1 + ǫ
(−ǫ′ + 1
l
log ♯El) ≤ 1
N
log ♯RN .
Now take i ∈ {1, 2, · · · , Q} such that RN ∩B(ai, τ) carries maximal cardinality.
Let B = B(ai, τ) and Y = RN ∩B(ai, τ), then
fN (Y ) ⊆ ∆ ∩B.
Moreover,
hµ(f)− ǫ < 1
1 + ǫ′
(hµ(f)− 3ǫ′) < 1
1 + ǫ′
(hµ(f)− 2ǫ′ − logQ)(23)
≤ 1
N
log(
1
Q
♯RN ) ≤ 1
N
log ♯ Y.
Step 2. Construction of Invariant Compact Set Λ.
Consider the shiftX = Y Z over the alphabet Y . Note that diam(Y ) ≤ diam(B) ≤
τ. So for each y = (yn) ∈ X, there is a corresponding τ−pseudo-orbit:
· · · , y0, · · · , fN−1(y0), y1, · · · , fN−1(y1), · · · .
By Theorem 4.10, for each such pseudo-orbit there is a point π(y) whose orbit
γ
2−shadows. Thus, we can obtain an fN invariant set Λ0 which is the union of all
orbits that shadow the elements of X (In fact
Λ0 = ∩∞n=1 ∪{y0,y1,··· ,yn−1}∈Y n ∩n−1j=0 f−jNBN (yj ,
γ
2
),
where Y n is the n−product space of Y × · · · × Y ). Define
Λ = Λ0 ∪ f(Λ0) · · · ∪ fN−1(Λ0).
Then Λ is a transitive compact invariant set.
Since for any y, y′ ∈ Y, there is j ∈ [0, N) such that d(f jy, f jy′) > γ and since
the shadowing is γ2−shadowing so that if x and x′ γ2−shadows distinct elements of
X , then x and x′ are distinct as well. In particular, distinct periodic elements of
X correspond to different shadowing periodic points of Λ, then
#PnN (f) ∩ Λ ≥ (#Y )n.
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So
lim sup
n→∞
1
n
log#Pn(f) ∩ Λ ≥ 1
N
log ♯ Y.(24)
From the choice of Y , for any yj ∈ Y, one has
max
1≤i≤T
| 1
N
N∑
m=1
φi(f
m(yj))−
∫
φidµ| < ς.
By the choice γ, if for some x ∈M , dN (x, yj) < γ, then
max
1≤i≤T
| 1
N
N∑
m=1
φi(f
m(yj))− 1
N
N∑
m=1
φi(f
m(x))| < ς.
It follows that a point x (γ2 , θ)-shadows a pseudo-orbit in X , then
lim sup
n→∞
max
1≤i≤T
| 1
n
n∑
m=1
φi(f
m(x)) −
∫
φidµ| < 2ς.
This implies for any ergodic ν ∈ Mf (Λ), D(µ, ν) ≤ 3ς and so by Ergodic Decom-
position Theorem for any invariant measure ν ∈ Mf(Λ), D(µ, ν) ≤ 3ς. By (22), we
have the conclusion (3).
By construction Λ ⊆ B(supp(µ), γ) ⊆ B(supp(µ), ǫ). Recall that Y ⊆ ∆s so
that for any y ∈ Y ,
{y, · · · , fN−1} ∩B(ai, τ) 6= ∅, i = 1, 2, · · · , Q.
This follows that
supp(µ) ⊆ B(Y ∪ · · · ∪ fN−1Y, τ) ⊆ B(Λ, τ + γ
2
) ⊆ B(Λ, γ) ⊆ B(Λ, ǫ).
So the conclusion (1) holds. Moreover, ǫ < τ0 implies that Λ should be contained
in ∆0 so that Λ carries dominated splitting (conclusion (4)) which coincides with
the extended (continuous) dominated splitting
T∆0M = E
s ⊕ Eu.
Step 3. Uniform Hyperbolicity of Λ.
Firstly let us state a basic fact.
Proposition 7.1. Let Γ be an f invariant compact set and E ⊂ TM be a contin-
uous Df invariant subbundle on Γ. Let
λmax(E, x) = lim sup
n→∞
1
n
log ‖Dfn|E(x)‖, λmin(E, x) = lim inf
n→∞
1
n
logm(Dfn|E(x)).
Then the function
Ψmax :Mf (Γ)→ R, µ 7→
∫
λmax(E, x)dµ
are upper semi-continuous, and respectively, the function
Ψmin :Mf (Γ)→ R, µ 7→
∫
λmin(E, x)dµ
are lower semi-continuous.
Proof. We only prove the first one and the second one is similar. By sub-
additional ergodic theorem,
Ψmax(µ) = inf
n≥1
∫
1
n
log ‖Dfn|E(x)‖dµ.
It follows the upper semi-continuity. 
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If necessary, take ς small enough such that all the invariant measures supported
on Λ are close to µ enough in weak∗ topology. By Proposition 7.1, this follows that
for any ν ∈ Mf(Γ),∫
λmax(E
s, x)dν ≤
∫
λmax(E
s, x)dµ+
ǫ
2
≤ λs + ǫ
2
,∫
λmin(E
s, x)dν ≥
∫
λmin(E
u, x)dµ− ǫ
2
= λu − ǫ
2
.
where λs, λu denote the maximal negative Lyapunov exponent of µ and the minimal
positive Lyapunov exponent of µ, respectively. This implies all invariant measures of
Γ are hyperbolic so that by Theorem 5.4 Γ is uniformly hyperbolic. By the argument
of Lemma 6.7, we can get that there exists Cǫ > 0 such that the conclusion (5)
holds.
If further the Oseledec splitting of µ is dominated, then (4’) is similar as above
by extending the dominated splitting to the neighborhood. Moreover, one can use
Proposition 7.1 for every Oseledec bundle Ei and by the argument of Lemma 6.7, it
is similar as the proof of (5) to get (5’). And it is easy to see that (6) is a particular
case of (5’).
Now we start to prove (2). By uniform hyperbolicity of Λ, from (4)
htop(f |Λ) ≥ lim sup
n→∞
1
n
log#Pn(f) ∩ Λ.
Together with (23) and (24), this ends the proof of conclusion (2).
Step 4. Horseshoe Hǫ.
If Λ is a horseshoe, then it is the needed Hǫ. Otherwise, one just needs to apply
following proposition of [6].
Proposition 7.2. Let Λ be a hyperbolic set of C1 diffeomorphism f . Then for any
δ > 0, there is a horseshoe K that is δ−close to Λ in the Hausdorff topology and
satisfies htop(f |K) ≥ htop(f |Λ)− δ.
This is Proposition 8.7 of [6], here we omit the details. Now we complete the
proof of of Theorem 3.17. 
8. Distribution of Periodic Measures & other possible applications
Let µ ∈ M(M). For a Liao-Pesin set Λ(K, ζ), define Λ˜k(K, ζ) = supp(µ|Λk(K, ζ))
and Λ˜(K, ζ) =
⋃∞
k=1 Λ˜k(K, ζ). For convenience, we say they are µ-Liao-Pesin
blocks and µ-Liao-Pesin set, respectively. Similarly, for improved Liao-Pesin set
Λ#(K, ζ), one can define improved µ-Liao-Pesin block Λ˜#k and µ-Liao-Pesin set
Λ˜#. They are subsets of Liao-Pesin blocks and Liao-Pesin set and they depend on
the given measure.
8.1. Non-uniform Specification.
Lemma 8.1. Let µ ∈ Mf (M). If µ is ergodic, then for every µ positive-measured
set Λ˜k(K, ζ), one has the specification property as follows:
For any ε > 0, there exist Xτ = Xτ (k, ε) > 0(τ = 1, 2) such that for a given
sequence of points x1, x2, · · · , xN ∈ Λ˜k(N ∈ N) and a sequence of positive numbers
n1, n2, · · · , nN , one has ni ≥ 2kK and fnixi ∈ Λ˜k for i = 1, 2, · · · , N, then there
exist a periodic point z ∈ M , a positive number p ∈ [∑Ni=1 ni + NX1, ∑Ni=1 ni +
NX2], and a sequence of nonnegative numbers c0 = 0, c1, · · · , cN−1, such that
(1) fpz = z;
(2) d(f ci−1+j(z), f j(xi)) < ε, ∀ j = 0, 1, · · · , ni, i = 1, 2, · · · , N ;
(3) Orbit(z) ⊆ B(supp(µ), ε).
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Proof of Lemma 8.1 Given Pesin block Λk = Λk(K, ζ) and ε > 0, by Theo-
rem 4.10 there exists δ > 0 such that for any periodic δ-pseudo-orbit {xi, ni}+∞i=−∞
with ni ≥ 2kK and xi, fni(xi) ∈ Λk(K, ζ) ∀ i, there is a ε-shadowing periodic
point x ∈M for {xi, ni}+∞i=−∞.
Choose and fix for Λ˜k a finite cover α = {V1, V2, · · · , Vr0} by nonempty open balls
Vi inM such that diam(Ui) < δ and µ(Ui) > 0 where Ui = Vi∩Λ˜k, i = 1, 2, · · · , r0.
Since µ is f ergodic, by Birkhoff ergodic theorem we have
(25) lim
l→+∞
1
l
l−1∑
n=0
µ(f−n(Ui) ∩ Uj) = µ(Ui)µ(Uj) > 0.
Take
(26) Xi,j = min{n ∈ N | n ≥ 2kK, µ(f−n(Ui) ∩ Uj) > 0}.
By (25), 1 ≤ Xi,j < +∞. Let
X1 = min
1≤i,j≤r0
Xi,j > 0, X2 = max
1≤i,j≤r0
Xi,j > 0.
Now let us consider a given sequence of points x1, x2, · · · , xN ∈ Λ˜k, and a
sequence of positive numbers n1, n2, · · · , nN satisfying ni ≥ 2kK and fnixi ∈ Λ˜k.
Fix Ui0 , Ui1 ∈ α so that
xi ∈ Ui0 , fnixi ∈ Ui1 , i = 1, 2, · · · , N.
Take yi ∈ Ui1 by (26) such that fX(i+1)0 ,i1yi ∈ U(i+1)0 for i = 1, 2, · · · , N − 1
and choose yN ∈ UN1 such that fX(N+1)0,N1yN ∈ U10 . Thus we get a periodic
δ-pseudo-orbit in supp(µ) ⊆M :
{f t(x1)}n1t=0
⋃
{f t(y1)}X20,11t=0
⋃
{f t(x2)}n2t=0
⋃
{f t(y2)}X30,21t=0⋃
· · · · · ·
⋃
{f t(xN )}nNt=0
⋃
{f t(yN )}X(N+1)0,N1t=0
satisfying
xi, f
ni(xi), yi, f
X(i+1)0,i1 yi ∈ Λ˜k ⊆ Λk ∩ supp(µ) (∀i).
Hence by Theorem 4.10 there exists a periodic point z ∈ M with period p =∑N
i=1(ni + X(i+1)0,i1) ε-shadowing the above sequence. This implies the orbit
Orbit(z) lies in the ε−neigborhood of above pseudo-orbit so that
Orbit(z) ⊆ B(supp(µ), ε)
and
d(f ci−1+j(z), f j(xi)) < ε, ∀ j = 0, 1, · · · , ni, i = 1, 2, · · · , N,
where
ci =
{
0, for i = 0∑i
j=1[nj +X(j+1)0,j1 ], for i = 1, 2, · · · , N.
Clearly p ∈ [∑Ni=1 ni +NX1, ∑Ni=1 ni +NX2]. 
Remark 8.2. In particular, if µ is a mixing hyperbolic measure, we can replace
inequality (26) by
(27) lim
n→+∞
µ(f−n(Ui) ∩ Uj) = µ(Ui)µ(Uj) > 0.
Then by (27) we can take a finite integer
Xi, j = max{n ∈ N | n ≥ 1, µ(f−n(Ui) ∩ Uj) = 0}+ 1.
Let
Mk = max
1≤i,j≤rk
Xi, j .
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Then for any N ≥Mk there exist y ∈ Uj such that fN(y) ∈ Ui. So we can follow the
above proof and then the non-uniform specification can be stronger: If for a given
sequence of points x1, x2, · · · , xN ∈ Λ˜k(N ∈ N) and a sequence of positive numbers
n1, n2, · · · , nN , one has ni ≥ 2kK and fnixi ∈ Λ˜k for i = 1, 2, · · · , N, then for any
sequence of nonnegative numbers c0 = 0, c1, · · · , cN−1 with ci − ci−1 ≥ ni−1 +Mk
and p ≥∑Ni=1 ni +NMk, there exists a periodic point z ∈M such that
(1) fpz = z;
(2) d(f ci−1+j(z), f j(xi)) < ε, ∀ j = 0, 1, · · · , ni, i = 1, 2, · · · , N ;
(3) Orbit(z) ⊆ B(supp(µ), ε).
8.2. Density of Periodic Measures. Proof of Theorem 3.8 To deduce the
density property of periodic measures, the first two statements in weaker speci-
fication property of Lemma 8.1 is enough. One can prove this theorem word by
word by same method as employed in [31] or [42], just also considering Orbit(z) ⊆
B(supp(µ), ε). Here we omit the details. 
Proof of Theorem 3.12 (3). One can follow the proof of Theorem 3.1 to give
the proof, by replacing Theorem 5.18 by Theorem 5.6 and replacing ergodicity of
the measure by quasi-ergodic.
8.3. Newhouse’s theorem on maximal entropy measure. One potential ap-
plication of topological definition of Pesin set, independent of measures, is possibly
useful to find maximal entropy measure in C1 diffeomorphisms. Recall that for
C1+α diffeomorphisms, Newhouse [49] gives necessary and sufficient conditions for
the existence of maximal measure.
Let {Λl := Λk(λ, µ; ǫ)}l≥1 be the classical Pesin set. Let ε¯ = (ε1, ε2, · · · , ) be a
nonincreasing sequence of positive real numbers which approach zero. Let
Mλ,µ;ǫ,ε¯ = {ν ∈ Mf(M) : ν(Λl) ≥ 1− εl, l = 1, 2, ...}.
Since each Λl is compact, the map ν → ν(Λl) is upper-semicontinuous. Hence,
Mλ,µ;ǫ,ε¯ is a closed convex subset ofMf (Λ). Let V ⊆Mf (M) be a subset. If P is
any finite set of M , we say P is related to V if the discrete measure 1cardP
∑
x∈P δx
is in V. Since V consists of invariant measures, if P is related to V , then P must be
an invariant set. Analogously, we say that a peridoc point p, or its orbit, is related
to V is the discrete measure uniformly distributed on its orbit is in V .
Theorem 8.3. Suppose f ∈ Diff1+α(M) and htop(f) > 0. A necessary and suffi-
cient condition for the existence of a hyperbolic measure ν with hν(f) = htop(f) is
that there exist λ > 0, µ > 0, ǫ > 0 with ǫ≪ min{λ, µ}, a sequence ε¯ and a sequence
p1, p2, · · · of periodic points related to Mλ,µ;ǫ,ε¯ such that limn→∞ 1/n log card{pi :
per(pi) = n} = htop(f).
A natural question is for the case of C1 diffeomorphisms. Similar as Mλ,µ;ǫ,ε¯,
we can define Mζ,K,ε¯ by replacing Λk(λ, µ; ǫ) by Liao-Pesin blocks Λk(ζ,K).
Question 8.4. Suppose f ∈ Diff1(M) and htop(f) > 0. Whether the following two
conditions are equivalent?
(1) there is a hyperbolic measure ν with (limit-)dominated Oseledec’s hyperbolic
splitting such that hν(f) = htop(f);
(2) there exist ζ > 0, integer K ≥ 1, a sequence ε¯ and a sequence p1, p2, · · · of
periodic points related to Mζ,K,ε¯ such that limn→∞ 1/n log card{pi : per(pi) =
n} = htop(f).
Newhouse’s proof [49] of Theorem 8.3 is mainly based on the construction of
Pesin blocks, closing lemma and Lyapunov neighborhood over Pesin blocks. Here
we have constructed Liao-Pesin blocks Λk(ζ,K) and realize closing lemma over it
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but it is still unknown how to overcome the role of Lyapunov neighborhood, since
Lyapunov neighborhood is a technique for C1+α case. So up to now Question 8.4
is an open problem.
9. Appendix A: Limit dominated splitting, dominated splitting and
Lyapunov exponents
In this section we mainly discuss certain properties of limit domination itself, and
the relations between limit domination and domination in topological perspective.
Moreover, we point out that the limit domination is closely related with the gap of
mean expanding Lyapunov exponent on the unstable bundle and mean contracting
Lyapunov exponent on the stable bundle.
9.1. Limit-dominated and dominated splitting. Similar as the equivalent def-
inition of dominated splitting, we have following equivalent statements for limit
domination. Let
α = max
x∈M
log
‖Dfx‖
m(Dfx)
.
Clearly α ≥ 0.
Proposition 9.1. Given an f invariant set ∆, assume that there is a limit-
dominated Df -invariant splitting TxM = E(x) ⊕ F (x) on ∆. Then the following
properties hold.
(1) there exists λ¯ ∈ (0, 1) and K0 > 0 such that for any K ≥ K0,
lim sup
l→+∞
‖DfK |E(f l(x))‖
m(DfK |F (f l(x)))
≤ λ¯K , ∀x ∈ ∆.
(2)there exists λ¯ ∈ (0, 1) and C¯ > 0 such that for any K ≥ 1,
lim sup
l→+∞
‖DfK |E(f l(x))‖
m(DfK |F (f l(x)))
≤ C¯λ¯K , ∀x ∈ ∆.
Proof By assumption, there exists S ∈ Z+, λ ∈ (0, 1) such that
lim sup
l→+∞
‖DfS |E(f lS(x))‖
m(DfS|F (f lS(x)))
≤ λS , ∀x ∈ ∆.
(1) Let K = kS + q. Since TxM = E(x) ⊕ F (x) is (S, λ)-limit-dominated and
‖DfK |E(f l(x))‖
m(DfK |F (f l(x)))
≤ (
k−1∏
i=0
‖DfS|E(f l+iS(x))‖
m(DfS |F (f l+iS(x)))
)× ‖Df
q|E(f l+kS(x))‖
m(Df q|F (f l+kS(x)))
≤ (
k−1∏
i=0
‖DfS|E(f l+iS(x))‖
m(DfS |F (f l+iS(x)))
)× eqα,
by assumption and (7) one has
lim sup
l→+∞
‖DfK |E(f l(x))‖
m(DfK |F (f l(x)))
≤ λkSeSα, ∀x ∈ ∆.
Take and fix K0 > S
log eα−log λ¯
log λ¯−log λ . Then for any K ≥ K0,
lim sup
l→+∞
‖DfK |E(f l(x))‖
m(DfK |F (f l(x)))
≤ λ¯K , ∀x ∈ ∆.
(2) Take same numbers as in (1). Let C¯ = e
K0α
λ¯K0
Then C¯ ≥ 1 and for any K ≥ 1,
lim sup
l→+∞
‖DfK |E(f l(x))‖
m(DfK |F (f l(x)))
≤ max{eKα, λ¯K} ≤ C¯λ¯K , ∀x ∈ ∆.
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
Similar to the case of domination whose splitting is unique if one fixes the di-
mensions of the subbundles (see [12]), the limit-dominated splitting is also unique
if one fixes the dimensions of the subbundles. The following proposition points out
more properties that limit domination has in common with domination. For two
subbundles E(x) and F (x), define the angle
∠(E(x), F (x)) = inf{‖u− v‖ : u ∈ E(x), v ∈ F (x), ‖u‖ = 1 or ‖v‖ = 1}.
Let
Ang(E(x), F (x)) = inf{‖u− v‖ : ‖u‖ = ‖v‖ = 1, u ∈ E(x), v ∈ F (x)}.
Remark that ∠(E(x), F (x)) ≤ Ang(E(x), F (x)) ≤ √2∠(E(x), F (x)).
Proposition 9.2. Let us make the same assumptions as in Proposition 9.1. Then
there exists e1 > 0 such that lim infn→+∞∠(E(fn(x)), F (fn(x))) ≥ e1, ∀x ∈ ∆.
Proof. By equivalence of ∠(·, ·) and Ang(·, ·), we only need to prove the result
for Ang(·, ·). By assumption, there exists S ∈ Z+, λ ∈ (0, 1) such that
lim sup
l→+∞
‖DfS |E(f lS(x))‖
m(DfS|F (f lS(x)))
≤ λS , ∀x ∈ ∆.
Let
c = min
x∈M
m(Dxf
S), C = max
x∈M
‖DxfS‖.
Clearly c, C ∈ (0,+∞). By continuity of the tangent bundle TxM , there exists real
number e0 > 0 such that if ‖u− v‖ < e0, ‖u‖ = ‖v‖ = 1, u, v ∈ TxM then∣∣‖DxfS(u)‖ − ‖DxfS(v)‖∣∣ < c(1− e−λ), ∀x ∈M,
which implies
(28)
‖DxfS(u)‖
‖DxfS(v)‖ ≥
‖DxfS(v)‖ − c(1− e−λ)
‖DxfS(v)‖ ≥ e
−λ.
Since TxM = E(x)⊕ F (x) is (S, λ)-limit-dominated, for any x ∈ ∆, there exists
an integer N(x) ≥ 1 such that for n ≥ N(x),
(29) log
‖DfS|E(fnS(x))‖
m(DfS |F (fnS(x)))
< −2λ+ λ = −λ.
For n ≥ N(x) and two vectors u ∈ E(fnS(x)), v ∈ F (fnS(x)) with ‖u‖ = ‖v‖ = 1,
we claim that ‖u− v‖ ≥ e0. Otherwise, it holds that ‖u− v‖ < e0, and thus by the
inequality (28),
‖DfS|E(fnS(x))‖
m(DfS |F (fnS(x)))
≥ ‖Dxf
S(u)‖
‖DxfS(v)‖ ≥ e
−λ,
which contradicts (29). So, we have
Ang(E(fnS(x)), F (fnS(x)))
= inf{‖u− v‖ : ‖u‖ = ‖v‖ = 1, u ∈ E(fnSx), v ∈ F (fnSx)} ≥ e0,
for all n ≥ N(x) and therefore lim infn→+∞Ang(E(fnS(x)), F (fnS(x))) ≥ e0, x ∈
∆. By the invariance of ∆, we have lim infn→+∞ Ang(E(fn(x)), F (fn(x))) ≥ e0,
∀x ∈ ∆. 
Clearly, domination implies limit domination and the later is weaker. The fol-
lowing proposition focuses on the inverse implication, provided that the space is
compact and the splitting is continuous.
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Proposition 9.3. Let us make the same assumptions as in Proposition 9.1. If
further ∆ is compact and TxM = E(x) ⊕ F (x) is continuous on ∆, then TxM =
E(x)⊕ F (x) is dominated on ∆.
Proof. One can use Lemma 6.7 to prove but here we prefer to give a direct
proof.
Since TxM = E(x) ⊕ F (x) is limit-dominated, there exists S ∈ Z+, λ ∈ (0, 1)
such that
lim sup
l→+∞
‖DfS |E(f lS(x))‖
m(DfS|F (f lS(x)))
≤ λS , ∀x ∈ ∆.
Take χ = − 12 logλS . For any δ > 0, there exists an integer l(x) ≥ 1 such that for
all l ≥ l(x),
log
‖DfS|E(f lS(x))‖
m(DfS |F (f lS(x)))
≤ −2χ+ δ, x ∈ ∆,
which implies
1
l− l(x)
l−1∑
i=l(x)
log
‖DfS|E(fiS(x))‖
m(DfS |F (fiS(x)))
≤ −2χ+ δ, ∀ l > l(x).
Letting l→ +∞ we have
lim sup
l→+∞
1
l
l−1∑
i=0
log
‖DfS |E(fiS(x))‖
m(DfS |F (fiS(x)))
= lim sup
l→+∞
1
l − l(x)
l−1∑
i=l(x)
log
‖DfS |E(fiS(x))‖
m(DfS|F (fiS(x)))
≤ −2χ+ δ.
Letting δ → 0 one has
lim sup
l→+∞
1
l
l−1∑
i=0
log
‖DfS|E(fiS(x))‖
m(DfS |F (fiS(x)))
≤ −2χ.
Thus we can take n(x) ≥ 1 such that
1
n(x)
n(x)−1∑
i=0
log
‖DfS|E(fiS(x))‖
m(DfS |F (fiS(x)))
< −2χ+ χ = −χ, x ∈ ∆.
Since TM = E⊕F is continuous on ∆, there exists a neighborhood Vx of x such
that for every y ∈ Vx one has
1
n(x)
n(x)−1∑
i=0
log
‖DfS|E(fiS(y))‖
m(DfS |F (fiS(y)))
< −χ.
We take a finite cover {Vx1 , ..., Vxq} for the compact ∆ and letN = max{n(x1) , ... , n(xq)}.
Let
γ = maxx∈∆| log
‖DfS|E(x)‖
m(DfS |F (x))
|.
Then γ <∞ because of the continuity of splittings E and F and the compactness
of ∆. We define inductively a sequence Nk : ∆→ N by
N0(x) = 0, N1(x) = min{n(xi) : x ∈ Vxi , i = 1, ..., q},
Nk+1(x) = Nk(x) +N1(f
Nk(x)S(x)), k ≥ 1.
Thus, for all x ∈ ∆ and n, there exists k such that Nk(x) ≤ n < Nk+1(x). Hence
n−1∑
i=0
log
‖DfS|E(fiS(x))‖
m(DfS |F (fiS(x)))
< −Nk(x)χ+ (n−Nk(x))γ ≤ −nχ+N(χ+ γ).
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By taking n0 = [2 +
N(χ+γ)
χ ] + 1 where [a] denotes the maximal integer less than
or equal to a, we then have
log
‖DfnS|E(x)‖
m(DfnS |F (x))
≤
n−1∑
i=0
log
‖DfS|E(fiS(x))‖
m(DfS |F (fiS(x)))
≤ −2χ
for all x ∈ ∆ and n ≥ n0, which deduces from (3) that TxM = E(x) ⊕ F (x) is
dominated on ∆. 
However, if we do not assume ∆ to be compact and the splitting to be continuous,
it is unknown the above proposition. Here we only have a following result. Let
ω(∆) =
⋃
x∈∆ ω(x). It is an invariant set.
Proposition 9.4. Let us make the same assumptions as in Proposition 9.1. Then
there exists n0 > 0 such that for every n ≥ n0, TxM = E(x) ⊕ F (x) is (nS, λ)
dominated on the closure of ω(∆).
Proof. By assumption, there exists S ∈ Z+, λ ∈ (0, 1) such that
lim sup
l→+∞
‖DfS|E(f l(x))‖
m(DfS |F (f l(x)))
≤ λS , ∀x ∈ ∆.
Take λˆ ∈ (λ, 1). Define
∆N := {x ∈ ∆|
‖DfS |E(f l(x))‖
m(DfS |F (f l(x)))
≤ λˆS , ∀ l ≥ N}.
Then ∆N ⊆ ∆N+1. ∆ = ∪N≥1∆N . Let ω(∆N ) = ∪x∈∆Nω(x). Then ω(∆) =
∪N ≥ 1ω(∆N ). Similar as domination, the splitting on ∆N should be unique and
can be extended on the closure. This implies that there is an extended splitting
E ⊕ F on ω(∆N ) such that for any y ∈ ω(∆N ),
‖DfS|E(y)‖
m(DfS |F (y))
≤ λˆS .
By the arbitrariness of N , the extended splitting E ⊕ F on ω(∆ satisfies that for
any y ∈ ω(∆),
‖DfS|E(y)‖
m(DfS |F (y))
≤ λˆS .
This is the general domination so that one has same estimate on the closure of
ω(∆). 
A point x is recurrent if there is ni ↑ +∞ such that limi→+∞ fni(x) = x. Denote
the set of all recurrent points by Rec(f). It is well-known that for any invariant
measure, Rec(f) is of full measure for any invariant measure. Let µ be an invariant
measure with a limit-dominated splitting E⊕F on some invariant set ∆ with µ full
measure. Then by Proposition 9.4 this splitting can be extended as a dominated
splitting on the closure of ω(∆). Note that Rec(f)∩∆ ⊆ ω(∆) is of µ full measure
so that ω(∆) and its closure are of µ full measure. So, in particular, the splitting
can be extended as a dominated splitting on support of µ. So
Corollary 9.5. Mldhf (M) =Mdhf (M).
Moreover, we have
Corollary 9.6. Mqdhf (M) =Mqldhf (M).
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Proof. We only need to the direction ⊇ . Let µ ∈Mqldhf (M) and define
∆S,λ = {x| lim sup
l→+∞
‖DfS|Eu(f l(x))‖
m(DfS |Eu(f l(x)))
≤ λS}.
Then µ(∪λ∈(0,1)∪S≥1∆S,λ) = 1. Let µλ,S = µ|∆S,λ . Then µλ,S has limit-dominated
hyperbolic Oseledec splitting. By Corollary 9.5, µλ,S has dominated hyperbolic
Oseledec splitting. Thus, by equivalent statements of domination (2), there is some
ζ > 0 and S0 ≥ 1 such that
µλ,S
( {x ∈M | 1
L
log
‖DfL|Es(y)‖
m(DfL|Eu(y))
≤ −3ζ, ∀y ∈ Orb(x), L ≥ S0}
)
= 1.
By arbitrariness of λ, S,
µ
( ∪ζ>0∪S0≥1{x ∈M | 1L log ‖DfL|Es(y)‖m(DfL|Eu(y)) ≤ −3ζ, ∀y ∈ Orb(x), L ≥ S0} ) = 1.
In particular, we sate a following corollary for hyperbolic measures with quasi-
limit-domination.
Corollary 9.7. Let µ ∈Mqldhf (M). Then its Oseledec hyperbolic splitting TxM =
Es(x) ⊕ Eu(x) satisfies that
µ
( ∪ζ>0∪S0≥1{x ∈M | 1S log ‖DfS|Es(y)‖m(DfS |Eu(y)) ≤ −3ζ, ∀y ∈ Orb(x), S ≥ S0} ) = 1.
Though there are no differences between limit domination and domination in
the probabilistic perspective, it is unknown whether it is same from the topological
perspective. Limit domination is weaker in the geometric or topological perspective,
because limit domination only require that E can dominate F for large enough
positive iterate of the orbit (e.g., see Example 9.12). This is the general case. Now
we consider one particular case. Assume that there is a global limit-dominated
splitting which coincides with the hyperbolic splitting in an Axiom A system, it
is still unknown whether the splitting is a global dominated splitting so that it is
Anosov. That is,
Question 9.8. Let f ∈ Diff1(M) be of Axiom A. Suppose there is a limit-dominated
Df -invariant splitting TxM = E(x) ⊕ F (x) on M . If this splitting restricted on
the non-wandering set Ω(f) coincides with the corresponding stable bundle and
unstable bundle of f , whether f is Anosov?
Up to now, it is easy to know that
Theorem 9.9. Let f ∈ Diff1(M) be of Axiom A. Suppose there is a dominated (or
just continuous) Df -invariant splitting TxM = E(x)⊕F (x) on M . If this splitting
restricted on the non-wandering set Ω(f) coincides with the corresponding stable
bundle and unstable bundle of f , then f is Anosov.
Proof. For Axiom A system, since every invariant measure should be supported
on the non-wandering set Ω(f), then every invariant measure should be hyperbolic.
Recall the result of [17] that
Lemma 9.10. Let f ∈ Diff1(M) and suppose there is a dominated (or just con-
tinuous) Df -invariant splitting TΛM = E(x) ⊕ F (x) on a compact invariant set
Λ ⊆ M . If for every invariant measure, its Lyapunov exponents restricted on E
are negative and its Lyapunov exponents restricted on F are positive, then Λ is
uniformly hyperbolic.
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For our case the set Λ in Lemma 9.10 is M so that M should be uniformly
hyperbolic. This means f to be Anosov. 
Following same idea, one should have a following result.
Theorem 9.11. Let f ∈ Diff1(M) and suppose there is a limit-dominated Df -
invariant splitting TΛM = E(x) ⊕ F (x) on a compact invariant set Λ ⊆ M . If for
every invariant measure, its Lyapunov exponents restricted on E are negative and
its Lyapunov exponents restricted on F are positive, then ω(Λ) ⊆ Λ is uniformly
hyperbolic.
Proof. One one hand, from Proposition 9.4, the splitting TxM = E(x) ⊕
F (x) is dominated on ω(Λ) so that it is continuous. On the other hand, notice
that Mf (ω(Λ)) = Mf (Λ) so that every invariant measure supported on ω(Λ) is
hyperbolic. By Lemma 9.10, ω(Λ) should be uniformly hyperbolic. 
To further illustrate the differences between limit domination and domination,
we construct a simple example as follows.
Example 9.12. Let g be a Cr(r ≥ 1) increasing function on [0, 1], satisfying:
g(0) = 0, g′(0) =
1
2
, g(1) = 1, g′(1) =
1
2
, g(
1
2
) =
1
2
, g′(
1
2
) =
3 +
√
5
2
, and
g(x) < x, for all x ∈ (0, 1
2
), g(x) > x, for all x ∈ (1
2
, 1).
And let h : T 2 → T 2 be the hyperbolic Torus automorphism
1
0 1x0
Figure 5. Graph of the function g.
(y, z) 7→ (2y + z, y + z), y, z ∈ S1 = R/Z.
Define f = g × h : T 3 → T 3. Clearly,
Df(x, y, z) =
 g′(x) 0 00 2 1
0 1 1
 .
There exists naturally a continuous splitting TT 3 = E1 ⊕ E2 ⊕ E3, where E2
and E3 are from the hyperbolic Torus automorphism h and E1 is g−invariant. The
forward Lyapunov exponent of E1 is log
1
2 over T
3 − { 12} × T 2 (we only use the
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forward Lyapunov exponent for the stable subbundle in construction of our Liao-
Pesin set in section 3) and the Lyapunov exponents of E2 ⊕ E3 over {0} × T 2 are
log 3−
√
5
2 , log
3+
√
5
2 respectively. Set E
s = E1 ⊕ E2 and Eu = E3, then Es ⊕ Eu
construct a continuous Df -invariant splitting of TT 3 over the whole space T 3 and
the two subbundles are limit-dominated over T 3 − { 12} × T 2 (hint: log
1
2
3+
√
5
2
=
−2 log(3 +√5) 12 ). However, the limit-dominated property can not be extended
to the whole space T 3 because the splitting over every point (12 , y, z) (y, z ∈ S1)
does not have limit domination (hint: log
3+
√
5
2
3+
√
5
2
= 0), even though the splitting is
continuous on the whole space T 3. In this example, the maximal f−invariant set
admitting domination is {0}×T 2. Moreover, every point (0, p) is hyperbolic periodic
point where p is a hyperbolic periodic point for h. Denote by δ0 the point measure
at point 0 ∈ S1 and denote by m the Lebesgue measure on T 2, then the product
measure µ = δ0×m is a hyperbolic ergodic measure of the diffeomorphism f = g×h
with three nonzero Lyapunov exponents − log 2, − log 3+
√
5
2 , log
3+
√
5
2 . Moreover,
this µ is the unique SRB-like measure (or SRB, but not absolutely continuous to
Lebesgue measure) and it is easy to see Pesin’s entropy formula holds for µ. So this
example gives a positive direction for Question 3.37. 
Remark 9.13. In Example 9.12 the Oseledec basin of hyperbolic ergodic measure
µ = δ0 ×m is L(µ) = supp(µ) = {0} × T 2. Taking K = 1 and 0 < ζ < log 2, our
Pesin set Λ(1, ζ) is T 3\{ 12}×T 2 and every Pesin block Λk(1, ζ) is [0, ak]
⋃
[bk, 1]×T 2
for some ak ∈ (0, 12 ) and bk ∈ (12 , 1). Clearly Λ(K, ζ) − (L(µ)
⋃
supp(µ)) is not
empty and has Lebesgue full measure.
9.2. Some relations on Lyapunov exponents & (Limit-)Dominated Split-
ting. Let ∆ be an f−invariant set and T∆M = E⊕F be a Df−invariant splitting
on ∆. For K ≥ 1, x ∈ ∆ define
λ(K,x) := lim sup
l→+∞
1
K
log
‖DfK |E(f lK(x))‖
m(DfK |F (f lK(x)))
.
It is easy to see T∆M = E ⊕ F is a limit-dominated (or quasi-limit-dominated)
splitting on ∆⇔ there is someK ≥ 1 such that supx∈∆ λ(K,x) < 0( or for any x ∈
∆, there exists K(x) ≥ 1, λ(K(x), x) < 0).
Given an f -invariant measure ν with ν(∆) = 1 (or just considering fK-invariant
measure if necessary), by sub-additional ergodic theorem, the following limits exist
for ν a.e. x:
lim
l→+∞
1
lK
log ‖Df lK |E(x)‖ = lim
l→+∞
1
l
log ‖Df l|E(x)‖,
lim
l→+∞
1
lK
logm(Df lK |F (x)) = lim
l→+∞
1
l
logm(Df l|F (x)),
and
lim
l→+∞
1
lK
l−1∑
j=0
log ‖DfK |E(fjK(x))‖, lim
l→+∞
1
lK
l−1∑
j=0
logm(DfK |F (fjK(x))),
which are denoted respectively by λE(x), λF (x) and λ
E(K,x), λF (K,x). Clearly
the functions λE(K,x), λE(x), λF (x), λ
F (K,x) and λ(K,x) are fK-invariant (if ν
is fK-ergodic, then λ(K,x), λE(K,x), λF (K,x) are constants ν a.e. x) and λE(x) ≤
λE(K,x) and λF (x) ≥ λF (K,x). By Lemma 5.11, ν − a. e. x satisfies that
λE(x) = lim
K→∞
λE(K,x) and λF (x) = lim
K→∞
λF (K,x).
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If λE(K,x) < 0 and λF (K,x) > 0 hold for ν − a. e. x, we say, for convenience,
that E is mean contracting, F is mean expanding and (fK , ν) is mean hyperbolic.
The concept of limit domination relates in a more natural way to mean expansion
and mean contraction by the following proposition. Given an f -invariant measure
µ, we have
Proposition 9.14. (1) For ν a.e. x, λ(K,x) ≥ λE(K,x) − λF (K,x) ≥ λE(x) −
λF (x).
(2) For ν a.e. x, if the limit
lim
l→+∞
log
‖DfK |E(f lK(x))‖
m(DfK |F (f lK(x)))
exists, then λ(K,x) = λE(K,x)− λF (K,x).
Proof (1) By the definitions of λE(K,x) and λF (K,x) one has
lim
l→+∞
1
l
l−1∑
i=0
log
‖DfK |E(fiK(x))‖
m(DfK |F (fiK(x)))
= λE(K,x)− λF (K,x).
For ε > 0, by definition of λ(x) there exists a positive integer l(x) ≥ 1 such that
log
‖DfK |E(f lK(x))‖
m(DfK |F (f lK(x)))
≤ λ(x) + ε, ∀ l ≥ l(x),
which implies
1
l− l(x)
l−1∑
i=l(x)
log
‖DfK |E(fiK(x))‖
m(DfK |F (fiK(x)))
≤ λ(x) + ε, ∀ l > l(x).
Letting l→ +∞ we have
lim
l→+∞
1
l
l−1∑
i=0
log
‖DfK |E(fiK(x))‖
m(DfK |F (fiK(x)))
= lim
l→+∞
1
l− l(x)
l−1∑
i=l(x)
log
‖DfK |E(fiK(x))‖
m(DfK |F (fiK(x)))
≤ λ(x) + ε.
Letting ε→ 0,
λE(K,x)− λF (K,x) ≤ λ(x).
(2) Since the limit exists, one can do same work as the proof of (1) for another
direction. 
Proposition 9.14 (1) tells us that if there is an invariant measure µ and K ≥ 1
such that for µ a.e. x,
0 > λE(x) > λ(K,x)( or 0 > −λF (x) > λ(K,x)),
then µ is hyperbolic with quasi-limit-dominated splitting.
By Proposition 9.14 (2), we have a following proposition when the system nat-
urally has (quasi-)limit-domination. For convenience to state, we introduce a con-
cept. Let Torb(x)M = E
s⊕Eu be aDf -invariant splitting. We say Torb(x)M = E⊕F
to be compatible, if there is some K(x) ≥ 1 such that K ≥ K0, the limit
lim
l→+∞
log
‖DfK |E(f lK(x))‖
m(DfK |F (f lK(x)))
exists.
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Proposition 9.15. Let f ∈ Diff1(M) and µ ∈Mhf (M). If for µ a.e x, the Oseledec
hyperbolic splitting of µ at x Torb(x)M = E
s ⊕ Eu is compatible, then this splitting
is µ-quasi-limit-dominated. In other words, µ ∈Mqldhf (M).
Proof. By Lemma 5.11 and the hyperbolicity of µ, µ a.e. x, there is some
K(x) ≥ 1 such that for any K ≥ K(x), λEs(K,x) < 0, λEu(K,x) > 0 (close to
λEs(x), λEu (x) enough). By Proposition 9.14 (2), λ(K,x) < 0. We complete the
proof. 
In particular, we can state this proposition in another way.
Proposition 9.16. Let f ∈ Diff1(M), ∆ be an f−invariant set and T∆M = E⊕F
be a Df−invariant splitting on ∆. Suppose dimE(x) is constant and for every
x ∈ ∆, the splitting Torb(x)M = E ⊕ F is compatible, then
{µ ∈ Mhf(∆)| ind(µ) = dimE} = {µ ∈Mqldhf (∆)| ind(µ) = dimE}.
Remark that for quasi-invariant measures, such kind of results are unknown.
10. Appendix B: Proof of Lemma 4.11 on Liao’s shadowing
Before proving let us state some useful lemmas.
Let λ ∈ (0, 1). A pair of sequence {ai, bi}ni=1 of positive numbers is called λ-
hyperbolic if ak ≤ λ and bk ≥ λ−1 for k = 1, 2, · · · , n. A pair of sequences {ai, bi}ni=1
of positive numbers is called λ-quasi-hyperbolic if following three conditions are
satisfied: (1) Πkj=1aj ≤ λk, (2) Πnj=kbj ≥ λk−n−1, (3) bkak ≥ λ−2, for k = 1, 2, · · · , n.
Lemma 10.1. Let e > 0 be an integer and ζ > 0. Take λ = e−ζ . If orbit segment
{x, n} is (ζ, e)-quasi-hyperbolic with respect to TxM = E ⊕ F and a partition 0 =
t0 < t1 < · · · < tm = n with tk − tk−1 ≤ e, then {ai, bi}mi=1 is a λ-quasi-hyperbolic
pair of sequence where aj = ‖Df tj−tj−1 |Dftj−1 (E)‖, bj = m(Df tj−tj−1 |Dftj−1 (F )).
Proof Recall that (ζ, e)-quasi-hyperbolic means that
(1). 1tkΣ
k
j=1 log aj =
1
tk
Σkj=1 log ‖Df tj−tj−1 |Dftj−1 (E)‖ ≤ −ζ,
(2). 1tm−tk−1Σ
m
j=k log bj =
1
tm−tk−1Σ
m
j=k log m(Df
tj−tj−1 |Dftj−1 (F )) ≥ ζ,
(3). 1tk−tk−1 log
ak
bk
= 1tk−tk−1 log
‖Dftk−tk−1 |
Df
tk−1 (E)‖
m(Dftk−tk−1 |
Df
tk−1 (F ))
≤ −2ζ, k = 1, 2, · · · , m.
Note that tk ≥ k and tm − tk−1 ≥ m − k + 1. Fix one k = 1, 2, · · · , n. By (1),
Πkj=1aj ≤ e−ζtk ≤ e−ζk = λk. Similarly, by (2) one has Πnj=kbj ≥ λk−m−1. By (3)
bk
ak
≥ e2ζ(tk−tk−1) ≥ λ−2, since tk − tk−1 ≥ 1. 
A sequence {ci}ni=1 of positive numbers is called a balance sequence if Πkj=1cj ≤
1, k = 1, 2, · · · , n − 1, and Πnj=1cj = 1. A balance sequence {ci}ni=1 is called well-
adapted to a λ-quasi-hyperbolic sequence pair{ai, bi}ni=1 if {ai/ci, bi/ci}ni=1 is λ-
hyperbolic.
Lemma 10.2. ([26]) Let λ ∈ (0, 1). Any λ-quasi-hyperbolic {ai, bi}ni=1 of positive
numbers has a well-adapted sequence {ci}ni=1.
Let (X, ‖ · ‖) be a Banach space. For any η > 0 denote by X(η) the closed ball
in X with radius η, that is, X(η) := {v ∈ X : ‖v‖ ≤ η}. Let X be a direct sum of
two closed subspacws E and F . For E and F , recall that the angle between E and
F is defined as
∠(E,F ) = inf{‖u− v‖ : u ∈ E, v ∈ F, ‖u‖ or ‖v‖ = 1}.
Remark that 0 < ∠(E,F ) ≤ 1, since E,F are closed. Let
Ang(E,F ) = inf{‖u− v‖ : ‖u‖ = ‖v‖ = 1, u ∈ E, v ∈ F}.
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Remark that ∠(E,F ) ≤ Ang(E,F ) ≤ √2∠(E,F ).
Lemma 10.3. (1) Let S > 0 be an integer and λ > 0. Then there exists αS > 0
such that if the splitting TyM = E ⊕ F satisfies
‖DfS|E(y)‖
m(DfS |F (y))
≤ e−λS ,
then ∠(E(y), F (y)) ≥ αS .
(2)Let e > 0 be an integer and ζ > 0, there exists α > 0 such that if orbit segment
{x, n} is (ζ, e)-quasi-hyperbolic with respect to TxM = E ⊕ F and a partition 0 =
t0 < t1 < · · · < tm = n with tk − tk−1 ≤ e, then ∠(Df tj (E), Df tj (F )) ≥ α holds
for any j = 0, 1, 2, · · · ,m.
Proof. By the equivalent relation of ∠(E,F ) and Ang(E,F ). We only need to
prove the conclusion for Ang(E,F ).
(1) Let
c = min
x∈M
m(Dxf
S), C = max
x∈M
‖DxfS‖.
Clearly c, C ∈ (0,+∞). By continuity of the tangent bundle TxM , there exists real
number βS > 0 such that if ‖u− v‖ < βS , ‖u‖ = ‖v‖ = 1, u, v ∈ TxM then∣∣‖DxfS(u)‖ − ‖DxfS(v)‖∣∣ < c(1− e−λ), ∀x ∈M,
which implies
(30)
‖DxfS(u)‖
‖DxfS(v)‖ >
‖DxfS(v)‖ − c(1− e−λ)
‖DxfS(v)‖ ≥ e
−λ.
Suppose point y satisfies
(31)
‖DfS|E(y)‖
m(DfS |F (y))
≤ e−λS .
Then for two vectors u ∈ E(y), v ∈ F (y) with ‖u‖ = ‖v‖ = 1, we claim that
‖u − v‖ ≥ βS . Otherwise, it holds that ‖u − v‖ < βS , and thus by the inequality
(30),
‖DfS|E(y)‖
m(DfS |F (y))
≥ ‖Dyf
S(u)‖
‖DyfS(v)‖ ≥ e
−λ ≥ e−λS ,
which contradicts (31). So, we have
Ang(E(y), F (y)) = inf{‖u− v‖ : ‖u‖ = ‖v‖ = 1, u ∈ E(y), v ∈ F (y)} ≥ βS .
(2) Let e > 0 be an integer and ζ > 0, take β = min1≤S≤e{βS} > 0. Then
if orbit segment {x, n} is (ζ, e)-quasi-hyperbolic with respect to TxM = E ⊕ F
and a partition 0 = t0 < t1 < · · · < tm = n, then for any j = 0, 1, 2, · · · ,m, by
the third condition from definition of quasi-hyperbolic (taking S = tk − tk−1 and
y = f tk−1(x)), one has
‖DfS|E(y)‖
m(DfS |F (y))
≤ e−2λS ≤ e−λS .
So Ang(Df tj (E), Df tj (F )) ≥ βS ≥ β, since S ≤ e. 
In the following, Xi will denote a W -dimensional Euclidean space for any in-
teger i. Assume that Xi has a direct sum decomposition Xi = Ei ⊕ Fi. Let
Y =
∏+∞
i=−∞Xi. Endowed with the supremum norm ‖v‖ = sup{‖vi‖} (v = (vi)),
Y is a Banach space. Let us consider the mapping Φ : Y → Y with the following
form (Φv)i+1 = Φi(vi) where Φi : Xi → Xi+1. Now we recall a theorem on fixed
point from [26].
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Lemma 10.4. For any µ ∈ (0, 1), ǫ > 0, α ∈ (0, 1] satisfying ǫ1 = 2ǫ(1+µ)α2(1−µ) < 1 and
η > 0, denote by R = R(µ, ǫ, α) = 1+µα(1−µ)(1−ǫ1) , H = 2R, d0 =
η
H , d ∈ (0, d0]. If
Φ : Y (η)→ Y has the form Φi = Li+φi : Xi(η)→ Xi+1 and Li has the block form
Li =
(
Ai Bi
Ci Di
)
with respect to the decomposition Xi = Ei ⊕ Fi, ∠(Ei, Fi) ≥ α,
max{‖Ai‖, ‖D−1i ‖} ≤ µ, max{‖Bi‖, ‖Ci‖} ≤ ǫ, Lipφ ≤ 1H , ‖φi(0)‖ ≤ d, then Φ
has a unique fixed point v ∈ Y (η) and ‖v‖ ≤ Hd.
Theorem 10.5. For any K > 1, µ ∈ (0, 1), ǫ > 0, α ∈ (0, 1] satisfying ǫ1 =
2ǫ(1+µ)
α2(1−µ) < 1 and η > 0, denote by R = R(µ, ǫ, α) =
1+µ
α(1−µ)(1−ǫ1) , H = 2R, d0 =
η
H ,
d ∈ (0, d0]. If Φ : Y (η) → Y has the form Φi = Li + φi : Xi(η) → Xi+1, Li has
the block form Li =
(
Ai Bi
Ci Di
)
with respect to the decomposition Xi = Ei ⊕ Fi,
∠(Ei, Fi) ≥ α, 1K ≤ ‖Ai‖, ‖D−1i ‖−1 ≤ K, max{‖Bi‖, ‖Ci‖} ≤ ǫK , Lipφ ≤ 1KH ,
‖φi(0)‖ ≤ d and if there is a strictly increasing two-sided sequence {Nj}+∞j=−∞ such
that for each j, {‖Ai‖, ‖D−1i ‖−1}Nj+1−1i=Nj is µ-quasi-hyperbolic and φi(0) = 0 for
i = Nj , · · · , Nj+1 − 2, then Φ has a unique fixed point v ∈ Y (η) and ‖v‖ ≤ Hd.
Proof. By Lemma 10.2, for each j, {‖Ai‖, ‖D−1i ‖−1}Nj+1−1i=Nj has a well-adapted
sequence {hi}Nj+1−1i=Nj such that {
‖Ai‖
hi
,
‖D−1i ‖−1
hi
}Nj+1−1i=Nj is µ-hyperbolic, that is,
Πki=Njhi ≤ 1, k = Nj, Nj + 1, · · · , Nj+1 − 2, Π
Nj+1−1
i=Nj
hi = 1, and
‖Ai‖
hi
≤ µ ≤
1,
‖D−1i ‖−1
hi
≥ µ−1 ≥ 1. It follows that hi ≥ ‖Ai‖ ≥ 1K , hi ≤ ‖D−1i ‖−1 ≤ K.
Let gk = Π
k
i=Nj
hk, L˜k = h
−1
k Lk, φ˜k(v) = g
−1
k φk(gk−1v) (note that gNj−1 = 1
and gk ≤ 1), and Φ˜k = L˜k + φ˜k. Write L˜k =
(
A˜k B˜k
C˜k D˜k
)
. Denote by Ψk =
Φk ◦ · · · ◦ ΦNi and Ψ˜k = Φ˜k ◦ · · · ◦ Φ˜Ni . Then we have Ψ˜k = g−1k Φk, and in
particular Ψ˜Nj+1−1 = ΦNj+1−1, since gNj+1−1 = 1. Note that ‖A˜k‖ = h−1k ‖Ak‖ ≤
µ, ‖D˜−1k ‖−1 = h−1k ‖D−1k ‖−1 ≥ µ−1, max{‖B˜k‖, ‖C˜k‖} = h−1k max{‖B˜k‖, ‖C˜k‖} ≤
Kmax{‖Bk‖, ‖Ck‖} ≤ ǫ, Lipφ˜k = g−1k Lipφkgk−1 = h−1k Lipφk ≤ K 1KH = 1H ,
φ˜k(0) = g
−1
k φk(0) = 0 for k = Nj , · · · , Nj+1 − 2 and φ˜k(0) = g−1k φk(0) = φk(0) for
k = Nj+1−1 since gk = 1. Then we can apply Lemma 10.4 for Φ˜ = {Φk} : Y (η)→ Y
to obtain a unique fixed point v˜ = {v˜k} of Φ˜ and ‖v˜‖ ≤ Hd. Let vNj = v˜Nj and for
Nj < k < Nj+1 define vk = Φk−1(vk−1) inductively. Now we only need to prove
that v is a fixed point of Φ and ‖v‖ ≤ Hd.
Since vk = Φk−1(vk−1) = Ψk−1(vNj ) = gk−1Ψ˜k−1(vNj ) = gk−1Ψ˜k−1(v˜Nj ) =
gk−1Φ˜k−1(v˜k−1) = gk−1v˜k, one has ‖vk‖ ≤ ‖v˜k‖ ≤ Hd. Since vNj+1 = v˜Nj+1 =
Ψ˜Nj+1−1(v˜Nj ) = Ψ˜Nj+1−1(vNj ) = ΨNj+1−1(vNj ) = ΦNj+1−1(vNj+1−1), v is a fixed
point of Φ. 
Lemma 10.6. ([26]) Let g ∈ Diff1(M). For any r > 1, γ > 0, ǫ > 0, α ∈ (0, 1],
there exists η > 0 such that if x, y ∈ M , TxM = Ex ⊕ Fx, TyM = Ey ⊕ Fy,
∠(Ex, Fx) ≥ α, ∠(Ey , Fy) ≥ α, Dg(ξ(x)) ∩ T#M ⊆ U(ξ(y) ∩ T#M, η) (ξ = E,F ),
then Φ = exp−1y ◦ g ◦ expx : TxM(η) → TyM can be written as Φ = L + φ,
where L has the form L =
(
A B
C D
)
with respect to splittings TxM = Ex ⊕ Fx,
TyM = Ey⊕Fy, and 1r ≤ ‖A‖‖Dg|Ex‖ ≤ r,
1
r ≤ ‖D
−1‖−1
m(Dg|Fx ) ≤ r, ‖B‖, ‖C‖ ≤ ǫ, Lipφ ≤ γ.
Here the norms are induced by the Riemannian metric on TxM and TyM .
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For a fixed integer e ≥ 1, let g = f, f2, · · · , fe, by Lemma 10.6 we can choose a
small suitable η > 0 such that Lemma 10.6 holds simultaneously for f, f2, · · · , fe.
That is,
Corollary 10.7. Let e ≥ 1 be a fixed integer and f ∈ Diff1(M). For any r > 1, γ >
0, θ > 0, α ∈ (0, 1], there exists η > 0 such that if x, y ∈M , TxM = Ex⊕Fx, TyM =
Ey⊕Fy, ∠(Ex, Fx) ≥ α, ∠(Ey, Fy) ≥ α, Df i(ξ(x))∩T#M ⊆ U(ξ(y)∩T#M, η) (ξ =
E,F ) for some 1 ≤ i ≤ e, then Φ = exp−1y ◦ f i ◦ expx : TxM(η) → TyM can be
written as Φ = L+φ, where L has the form L =
(
A B
C D
)
with respect to splittings
TxM = Ex ⊕ Fx, TyM = Ey ⊕ Fy, and 1r ≤ ‖A‖‖Dfi|Ex‖ ≤ r,
1
r ≤ ‖D
−1‖−1
m(Dfi|Fx ) ≤ r,‖B‖, ‖C‖ ≤ θ, Lipφ ≤ γ.
Now we start to prove Lemma 4.11.
Proof of Lemma 4.11 Let e ≥ 1 be a fixed integer and ζ > 0. Take λ = e−ζ .
Denote K0 = max1≤i≤e supx∈M{‖Dxf i‖, ‖(Dxf i)−1‖}. Let K = 2K0. By Lemma
10.3 there exists α > 0 such that if orbit segment {x, n} is (ζ, e)-quasi-hyperbolic
with respect to TxM = E ⊕ F and a partition 0 = t0 < t1 < · · · < tm = n with
tk − tk−1 ≤ e, then ∠(Df tj (E), Df tj (F )) ≥ α holds for any j = 0, 1, 2, · · · ,m− 1.
Let µ = min{ 1+λ2 , 2λ}, r = µλ . Then µ ∈ (0, 1), 1 < r ≤ 2. Let ǫ > 0 small
enough such that ǫ1 =
2ǫ(1+µ)
α2(1−µ) < 1. Denote by R = R(µ, ǫ, α) =
1+µ
α(1−µ)(1−ǫ1) ,
H = 2R, θ = ǫK , γ =
1
KH . For above r > 1 α, θ, γ take η > 0 small enough such
that Corollary 10.7 holds. Let L = KH and d0 =
η
H , fix d ∈ (0, d0].
Let {xj, nj}∞j=−∞ be a (ζ, e)-quasi-hyperbolic d-pseudoorbit. We may suppose
that for each j, {xj , nj} is a (ζ, e)-quasi-hyperbolic with respect to a partition
0 = t
(j)
0 < t
(j)
1 < · · · < t(j)mj = nj with t(j)i+1 − t(j)i ≤ e for some mj ≤ nj . Let Nj be
defined as
(32) Nj =

0, for j = 0∑j−1
k=0mk, for j > 0
−∑−1k=jmk, for j < 0.
Let yk = f
t
(j)
k−Nj xj and lk = t
(j)
k+1−Nj − t
(j)
k−Nj if Nj ≤ k < Nj+1. Note that
1 ≤ lk ≤ e. Denote by Xk = TykM,Ek = Eyk , Fk = Fyk , Y =
∏+∞
i=−∞Xi.
Let Φk = exp
−1
yk+1
◦ f lk ◦ expyk : TykM(η) → Tyk+1M . Then by Corollary 10.7,
Φ = {Φk} : Y (η) → Y has the form Φk = Lk + φk : Xk(η) → Xk+1, Lk has the
block form Lk =
(
Ak Bk
Ck Dk
)
with respect to the decomposition Xk = Ek ⊕ Fk,
∠(Ek, Fk) ≥ α, 1r‖Df lk |Ek‖ ≤ ‖Ak‖ ≤ r‖Df lk |Ek‖, 1rm(Df lk |Fk)−1 ≤ ‖D−1k ‖ ≤
rm(Df lk |Fk)−1, max{‖Bk‖, ‖Ck‖} ≤ θ = ǫK , Lipφ ≤ γ = 1KH . Note that 1K ≤
1
rK0
≤ ‖Ak‖ ≤ rK0 ≤ K and 1K ≤ 1rK0 ≤ ‖D
−1
k ‖ ≤ rK0 ≤ K.
From Lemma 10.1 we know for each j, {‖Df lk |Ek‖, m(Df lk |Fk)}Nj+1−1k=Nj is λ-
quasi-hyperbolic. Then for each j, {‖Ak‖, ‖D−1k ‖−1}Nj+1−1k=Nj is µ-quasi-hyperbolic.
From d-pseudoorbit orbit we have ‖φi(0)‖ ≤ d and φi(0) = 0 for i = Nj , · · · , Nj+1−
2.
Thus we can use Theorem 10.5 to get Φ has a unique fixed point v ∈ Y (η) and
‖v‖ ≤ Hd. Let z = expy0v0. Then z Hd-shadows {yk}, that is, if Nj ≤ k < Nj+1,
then d(f t
(j)
k (xj), f
cj+t
(j)
k (z)) ≤ Hd, where the notation cj is from (10). Notice that
sup1≤l≤e d(f
lx, f ly) ≤ K0d(x, y) ≤ Kd(x, y) and recall the partition 0 = t(j)0 <
t
(j)
1 < · · · < t(j)mj = nj satisfies t(j)k+1 − t(k)i ≤ e. Then ∀ i = 0, 1, 2, · · · , nj − 1 and
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∀ j ∈ Z, there is t(j)k and l ≤ e such that i = t(j)k + l. Thus d
(
f cj+i(x), f i(xj)
) ≤
Kd
(
f cj+t
(j)
k (x), f t
(j)
k (xj)
) ≤ KHd = Ld.
Now suppose {xi, ni}+∞i=−∞ is periodic, i.e., there exists an m > 0 such that
xi+m = xi and ni+m = ni for all i. Define w by wk = vNm+k. Then w, v are fixed
points of Φ in Y (η). By uniqueness, v = w and so f cmz = z. 
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